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NONCOMMUTATIVE GEOMETRY OF FOLIATIONS
YURI A. KORDYUKOV
Dedicated to Yu. Solovyov
Abstract. We review basic notions and methods of noncommutative
geometry and their applications to analysis and geometry on foliated
manifolds.
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1. Introduction
The starting point of noncommutative geometry is the passage from geo-
metric spaces to algebras of functions on these spaces with the subsequent
translation of basic analytic and geometric concepts and constructions on
geometric spaces to the algebraic language and their extension to general
noncommutative algebras. Such a procedure is well-known and was applied
for a long time, for instance, in algebraic geometry, where it is related with
the study of commutative algebras. It is also well known that the theory
of C∗-algebras is a far-reaching generalization of the theory of topological
spaces, and the theory of von Neumann algebras is a generalization of the
classical measure and integration theory.
The main purpose of noncommutative differential geometry, which was
initiated by Connes [39] and is actively developing at present time (cf. the
recent surveys [45, 46] and the books [42, 81, 119] in regard to different as-
pects of noncommutative geometry), consists in the extension of the methods
described above to the analytic objects on geometric spaces and to the non-
commutative algebras. Here the main attention is focused on that, first, a
correct noncommutative generalization applied in the classical setting, that
is, to an algebra of functions on a compact manifold should agree with its
classical analogue, and, second, it should inherit nice algebraic and analytic
properties of its classical analogue. Nevertheless, it should be noted that, as
a rule, such noncommutative generalizations are quite nontrivial and have
richer structure and essentially new features than their commutative ana-
logues.
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Noncommutative geometry lies on the border of functional analysis and
differential geometry and is of great importance for these areas of mathemat-
ics. On the one hand, the development of geometric methods in the operator
theory and the theory of operator algebras allows to use fruitfully geomet-
ric intuition for the investigation of various problems of abstract functional
analysis. On the other hand, there are many examples of singular geomet-
ric spaces, which are badly described from the point of view of classical
measure theory and resist to the study by usual “commutative” methods of
geometry, topology and analysis, but one can naturally associate to them a
noncommutative algebra, which can be considered as an analogue of the al-
gebra of (measurable, continuous, smooth and so on) functions on the given
geometric object. Let us give some examples of such singular objects:
(1) Manifolds with singularities, for instance, manifolds with isolated
conic singular points.
(2) Discrete spaces.
(3) The dual space to a group (discrete or a Lie group).
(4) Cantor sets.
(5) The orbit space of a group action on a manifold.
(6) The leaf space of a foliation.
Use of the notions and methods of noncommutative geometry for a noncom-
mutative algebra, being an analogue of an algebra of functions on a singular
geometric space, allows in many cases, first of all, just to define some rea-
sonable analytic and geometric objects associated with the given space and
pose sensible problems, that, in its turn, gives possibility to apply properties
of these objects for getting an information about geometry of this space.
This paper contains a short exposition of the methods of noncommutative
geometry as applied to the study of one of the fundamental examples of
noncommutative geometry, namely, the leaf spaces of a foliation on a smooth
manifold, or, that is the same, to the study of the transverse structure of
foliations. Our purpose is to give a survey of the basic notions and methods
of noncommutative geometry, to show how one can associate various objects
of noncommutative geometry to foliations and how these noncommutative
analogues of classical notions are related with classical objects on foliated
manifolds, and to describe applications of the methods of noncommutative
geometry to the study of geometry of foliations.
The author is grateful to N.I. Zhukova for useful remarks.
2. Background information on foliation theory
2.1. Foliations. In this Section, we recall the definition of a foliated mani-
fold and some notions related to foliations (concerning to different aspects of
the foliation theory see, for instance, [28, 29, 30, 74, 133, 136, 137, 153, 177]).
LetM be a smooth manifold of dimension n. (Here and later on, “smooth”
means “of class C∞”. We will always assume that all our objects under con-
sideration are of class C∞.)
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Definition 2.1. (1) An atlas A = {(Ui, φi)}, where φi : Ui ⊂ M → Rn, of
the manifold M is called an atlas of a foliation of dimension p and codimen-
sion q (p ≤ n, p + q = n), if, for any i and j such that Ui ∩ Uj 6= ∅, the
coordinate transformation
φij = φi ◦ φ−1j : φj(Ui ∩ Uj) ⊂ Rp × Rq → φi(Ui ∩ Uj) ⊂ Rp × Rq
has the form
φij(x, y) = (αij(x, y), γij(y)), (x, y) ∈ φj(Ui ∩ Uj) ⊂ Rp ×Rq.
(2) Two atlases of a dimension p foliation are equivalent, if their union is
again an atlas of a dimension p foliation.
(3) A manifold M endowed with an equivalence class F of atlases of a
dimension p foliation is called a manifolds with a dimension p foliation (or
a foliated manifold).
An equivalence class F of foliation atlases is also called a complete atlas
of a foliation. We will also say that F is a foliation on M .
A pair (U, φ) that belongs to the atlas of the foliation F and also the
corresponding map φ : U → Rn are called a foliated chart of the foliation
F , and U is called a foliated coordinate neighborhood.
Let φ : U ⊂ M → Rn be a foliated chart. The connected components of
the set φ−1(Rp × {y}), y ∈ Rq are called the plaques of the foliation F .
Plaques of F given by all possible foliated charts form a base of a topology
on M . This topology is called the leaf topology on M . We will also denote
by F the set M endowed with the leaf topology. One can introduce the
structure of a p-dimensional manifold on F .
Connected components of the manifold F are called leaves of the foliation
F . Leaves are (one-to-one) immersed p-dimensional submanifolds inM . For
any x ∈ M , there is a unique leaf, passing through x. We will denote this
leaf by Lx.
One can give the equivalent definition of a foliation, saying, that there is
given a foliation F of dimension p on a manifold M of dimension n, if M
is represented as a disjoint union of a family {Lλ : λ ∈ L} of connected,
(one-to-one) immersed submanifolds of dimension p, and there is an atlas
A = {(Ui, φi)} of the manifold M such that, for any i and for any λ ∈ L,
the connected components of the set Lλ ∩ Ui are given by equations of the
form y = const.
Example 2.2. Let M be a smooth manifold of dimension n, B a smooth
manifold of dimension q and π : M → B a submersion (that is, the differ-
ential dπx : TxM → Tπ(x)B is surjective for any x ∈ M). The connected
components of the pre-images of points of B under the map π determine a
codimension q foliation onM , which is called the foliation determined by the
submersion π. If, in addition, the pre-images π−1(b), b ∈ B, are connected,
the foliation is called simple.
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Example 2.3. Let X be a nonsingular (that is, a non-vanishing) smooth
vector field on a compact manifold M . Then its phase curves form a codi-
mension one foliation.
More generally, suppose that a connected Lie group G acts smoothly on a
smooth manifold M , and, moreover, the dimension of the isotropy subgroup
Gx = {x ∈ G : gx = x} does not depend on x ∈ M . In particular, one
can assume that the action is locally free, that means Gx is discrete for any
x ∈M . Then the orbits of the Lie group G action define a foliation on M .
Example 2.4. Linear foliation on torus. Consider a vector field X˜ on R2
given by
X˜ = α
∂
∂x
+ β
∂
∂y
with constant α and β. Since X˜ is invariant under all translations, it de-
termines a vector field X on the two-dimensional torus T 2 = R2/Z2. The
vector field X determines a foliation F on T 2. The leaves of F are the
images of the parallel lines L˜ = {(x0 + tα, y0 + tβ) : t ∈ R} with the slope
θ = β/α under the projection R2 → T 2.
In the case when θ is rational, all leaves of F are closed and are circles,
and the foliation F is determined by the fibers of a fibration T 2 → S1. In
the case when θ is irrational, all leaves of F are everywhere dense in T 2.
Example 2.5. Homogeneous foliations. Let G be a Lie group and H ⊂ G
its connected Lie subgroup. The family {gH : g ∈ G} of right cosets of H
forms a foliation H on G. If H is a closed subgroup, then G/H is a manifold
and H is a foliation, whose leaves are given by the fibers of the fibration
π : G→ G/H.
Moreover, suppose that Γ ⊂ G is a discrete subgroup G. Then the set
M = Γ\G of left cosets of Γ is a manifold of the same dimension as G. If Γ
is cocompact in G, M is compact. In any case, because H is invariant under
the left translations, and Γ acts on the left, the foliation H is mapped by
the map G→M = Γ\G to a well-defined foliation HΓ on M , which is often
denoted by F(G,H,Γ) and is called a locally homogeneous foliation. The
leaf of HΓ through a point Γg ∈M is diffeomorphic to H/(gΓg−1 ∩H).
Example 2.6. The Reeb foliation. Let us describe a classical construction
of a codimension 1 foliation on the three-dimensional sphere S3 due to Reeb
[152]. Let D2 denote the disk {(x, y) ∈ R2 : x2 + y2 ≤ 1}. We start with
the foliation in the cylinder {(x, y, z) ∈ R3 : x2 + y2 ≤ 1} = D2 × R,
whose leaves are the boundary of the cylinder x2 + y2 = 1 and surfaces
z = c + exp(1/(1 − x2 − y2)) with an arbitrary constant c. Since this
foliation is invariant under translations in z, it is mapped by the standard
projection D2 × R → D2 × R/Z = D2 × S1 to a foliation FR on the solid
torus D2 × S1. Finally, observe that the standard three-dimensional sphere
S3 = {x = (x1, x2, x3, x4) ∈ R4 : x21+x22+x23+x24 = 1} is obtained by gluing
along the boundary of two copies of D2×S1. More precisely, S3 = S31 ∪S32 ,
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where
S31 = {x ∈ S3 : x21 + x22 ≤ x23 + x24}, S32 = {x ∈ S3 : x21 + x22 ≥ x23 + x24}.
A diffeomorphism S31
∼=−→ D2 × S1 is given by
x ∈ S31 7→
(
x1√
x23 + x
2
4
,
x2√
x23 + x
2
4
,
x3√
x23 + x
2
4
,
x4√
x23 + x
2
4
)
∈ D2 × S1,
where we consider S1 as {(x, y) ∈ R2 : x2 + y2 = 1}, and its inverse has the
form
(y1, y2, y3, y4) ∈ D2 × S1 7→
(
y1
|y| ,
y2
|y| ,
y3
|y| ,
y4
|y|
)
∈ S31 ,
where |y|2 = y21+ y22+ y23+ y24. Similar formulas can be written for S32 . Take
the Reeb foliations FR on S31 and S32 . Since the boundaries ∂S31 and ∂S32 are
compact leaves, there is a well-defined foliation on the union of S31 and S
3
2 ,
that is, on the sphere S3, which is called the Reeb foliation on S3. The only
compact leaf of the Reeb foliation is the common boundary ∂S31 = ∂S
3
2 of
S31 and S
3
2 , diffeomorphic to the two-dimensional torus T
2. The other leaves
are diffeomorphic to the plane R2.
Example 2.7. Suspension. Let B be a connected manifold and B˜ its uni-
versal cover equipped with the action of the fundamental group Γ = π1(B)
by deck transformations. Suppose that there is given a homomorphism
φ : Γ → Diff(F ) of Γ to the group Diff(F ) of diffeomorphisms of a smooth
manifold F . Define a manifold M = B˜×Γ F as the quotient of the manifold
B˜ × F by the action of Γ given, for any γ ∈ Γ, by
γ(b, f) = (γb, φ(γ)f), (b, f) ∈ B˜ × F.
There is a natural foliation F on M , whose leaves are the images of the sets
B˜ × {f}, f ∈ F, under the projection B˜ × F →M . If, for any γ ∈ Γ, γ 6= e,
the diffeomorphism φ(γ) has no fixed points, all leaves of F are diffeomorphic
to B˜.
There is defined the bundle π : M → B : [(b, f)] 7→ b mod Γ such that
the leaves of F are transverse to the fibers of π. The bundle π : M → B is
often said to be a flat foliated bundle.
A foliation F determines a subbundle F = TF of the tangent bundle TM ,
called the tangent bundle to F . It consists of all vectors, tangent to the leaves
of F . Denote by X (M) = C∞(M,TM) the Lie algebra of all smooth vector
fields on M with the Lie bracket and by X (F) = C∞(M,F ) the subspace of
vector fields on M , tangent to the leaves of F at each point. The subspace
X (F) is a subalgebra of the Lie algebra X (M). Moreover, by the Frobenius
theorem, a subbundle E of TM is the tangent bundle to a foliation if and
only if it is involutive, that is, the space of sections of this bundle is a Lie
subalgebra of the Lie algebra X (M): for any X,Y ∈ C∞(M,E) we have
[X,Y ] ∈ C∞(M,E).
Let us introduce the following objects:
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• τ = TM/TF is the normal bundle to F ;
• Pτ : TM → τ is the natural projection;
• N∗F = {ν ∈ T ∗M : 〈ν,X〉 = 0 for any X ∈ F} is the conormal
bundle to F .
Usually, we will denote by (x, y) ∈ Ip × Iq (I = (0, 1) is the open interval)
the local coordinates in a foliated chart φ : U → Ip× Iq and by (x, y, ξ, η) ∈
Ip× Iq ×Rp×Rq the local coordinates in the corresponding chart on T ∗M .
Then the subset N∗F ∩ π−1(U) = U1 (here π : T ∗M → M is the bundle
map) is given by the equation ξ = 0. Therefore, φ determines naturally a
foliated chart φn : U1 → Ip× Iq×Rq on N∗F with the coordinates (x, y, η).
Any q-dimensional distribution Q ⊂ TM such that TM = F ⊕Q is called
a distribution transverse to the foliation or a connection on the foliated
manifold (M,F). Any Riemannian metric g on M determines a transverse
distribution H, which is given by the orthogonal complement of F with
respect to the given metric: H = F⊥ = {X ∈ TM : g(X,Y ) = 0 for any Y ∈
F}.
Definition 2.8. A vector field V on a foliated manifold (M,F) is called an
infinitesimal transformation of F if [V,X] ∈ X (F) for any X ∈ X (F).
The set of all infinitesimal transformations of F is denoted by X (M/F).
If V ∈ X (M/F) and Tt : M → M, t ∈ R is the flow of the vector field
V , then the diffeomorphisms Tt are automorphisms of the foliated manifold
(M,F), that is, they take each leaf of F to, possibly, another leaf.
Definition 2.9. A vector field V on a foliated manifold (M,F) is called
projectable, if its normal component Pτ (V ) is locally the lift of a vector
field on the local base.
In other words, a vector field V on M is projectable, if in any foliated
chart with local coordinates (x, y), x ∈ Rp, y ∈ Rq, it has the form
V =
p∑
i=1
f i(x, y)
∂
∂xi
+
q∑
j=1
gj(y)
∂
∂yj
.
There is a natural action of the Lie algebra X (F) on C∞(M, τ). The
action of X ∈ X (F) on N ∈ C∞(M, τ) is given by
θ(X)N = Pτ [X, N˜ ],
where N˜ ∈ X (M) is any vector field on M such that Pτ (N˜ ) = N . A
vector field N ∈ X (M) is projectable if and only if its transverse component
Pτ (N) ∈ C∞(M, τ) is invariant under the X (F)-action θ. From here, one
can easily see that a vector field on a foliated manifold is called projectable
if and only if it is an infinitesimal transformation of the foliation.
2.2. Holonomy. Let (M,F) be a foliated manifold. The holonomy map
is a generalization to the case of foliations of the first return map (or the
Poincare´ map) for flows.
8 YURI A. KORDYUKOV
Definition 2.10. A smooth transversal is a compact q-dimensional manifold
T , possibly with boundary, and an embedding i : T → M , whose image is
everywhere transverse to the leaves of F : Ti(t)i(T )⊕Ti(t)F = Ti(t)M for any
t ∈ T .
We will identify a transversal T with the image i(T ) ⊂M .
Definition 2.11. A transversal is complete, if it meets every leaf of the
foliation.
Take an arbitrary continuous leafwise path γ with endpoints γ(0) = x
and γ(1) = y. (We will call a path γ : [0, 1] → M leafwise, if its image
γ([0, 1]) is contained entirely in one leaf of the foliation). Let T0 and T1 are
smooth transversals such that x ∈ T0 and y ∈ T1.
Choose a partition t0 = 0 < t1 < . . . < tk = 1 of the segment [0.1] such
that for any i = 1, . . . , k the curve γ([ti−1, ti]) is contained in some foliated
chart Ui. Shrinking, if necessary, the neighborhoods U1 and U2, one can
assume that, for any plaque P1 of U1, there is a unique plaque P2 of U2, which
meets P1. Shrinking, if necessary, the neighborhoods U1, U2 and U3, one can
assume that, for any plaque P2 of U2, there is a unique plaque P3 of U3, which
meets P2 and so on. After all, we get a family {U1, U2, . . . , Uk} of foliated
coordinate neighborhoods, which covers the curve γ([0, 1]), such that, for
any i = 1, . . . , k and for any plaque Pi−1 of Ui−1, there is a unique plaque Pi
of Ui, which meets Pi−1. In particular, we get a one-to-one correspondence
between the plaques of U1 and the plaques of Uk.
The smooth transversal T0 determines a parametrization of the plaques of
U1 near x. Accordingly, a smooth transversal T1 determines a parametriza-
tion of the plaques of Uk near y. Taking into account one-to-one corre-
spondence between the plaques of U1 and Uk constructed above, we get a
diffeomorphism HT0T1(γ) of some neighborhood of x in T0 to some neigh-
borhood of y in T1, which is called the holonomy map along the path γ.
One can easily see that the germ of HT0T1(γ) at x does not depend on the
choice of a partition t0 = 0 < t1 < . . . < tk = 1 of the segment [0.1] and of
a family of foliated coordinate neighborhoods {U1, U2, . . . , Uk}. Moreover,
the germ of HT0T1(γ) at x is not changed, if we replace γ by any other
continuous leafwise path γ1 with the initial point x and the final point y,
which is homotopic to γ in the class of continuous leafwise paths with the
initial point x and the final point y.
There is a slightly different definition of holonomy [88]. First, let us
introduce some notions.
Definition 2.12. A map f : V ⊂ M → Rq is called distinguished, if in a
neighborhood of any point in V there exists a foliated chart (U, φ) such that
the restriction of f to U has the form prnq ◦φ, where prnq : Rn = Rp×Rq →
Rq
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Consider the set D of germs of distinguished maps at various points of
M (or, briefly speaking, the set of distinguished germs). Let σ : D →M be
the map, which associates to a distinguished germ at x ∈M the point x.
Let (U, φ) be a foliated chart, P its plaque. Consider the subset P˜ of D,
which consists of all germs of the corresponding distinguished map prnq ◦
φ : U → Rq in different points of P . Sets of the form P˜ , determined by
the plaques P of all possible foliated charts, form a base of a topology on
D, which endows D with the structure of a p-dimensional manifold. This
topology is called the leaf topology on D. It can be easily checked [88] that
σ is a covering map from the manifold D to the manifold F .
Now consider a continuous leafwise path γ with the initial point x and
the final point y. Let π ∈ σ−1(x), and let γ˜ be the lift of γ to D with the
initial point π via the covering map σ. The holonomy map associated with
γ is the map
hγ : σ
−1(x)→ σ−1(y),
which takes π ∈ σ−1(x) to the final point of the path γ˜.
The connection between the holonomy maps defined above is established
as follows. Let T0 and T1 be smooth transversals such that x ∈ T0 and
y ∈ T1. Let π ∈ σ−1(x), and let f : U ⊂ M → Rq be a distinguished map
defined in a neighborhood of x. A choice of a distinguished map f defined in
a neighborhood of x is equivalent to a choice of a local coordinate system f ◦i
on T0 defined in a neighborhood of x. The diffeomorphism HT0T1(γ) allows
to define a local coordinate system on T1 defined in some neighborhood of
y, that, in its turn, gives a distinguished map f1 : V ⊂ M → Rq defined in
a neighborhood of y. The germ of the distinguished map f1 at y coincides
with hγ(π) ∈ σ−1(y).
If γ is a closed leafwise path with the initial and final points x, and T is a
smooth transversal such that x ∈ T , then HTT (γ) is a local diffeomorphism
of T , which leaves x fixed. The correspondence γ → HTT (γ) defines a group
homomorphism
HT : π1(Lx, x)→ Diffx(T )
from the fundamental group π1(Lx, x) of the leaf Lx to the group Diffx(T )
of germs at x of local diffeomorphisms of T , which leave x fixed. The image
of the homomorphism HT is called the holonomy group of the leaf Lx at x.
The holonomy group of a leaf L at a point x ∈ L is independent modulo
isomorphism of the choice of a transversal T and x. A leaf is said to have
trivial holonomy, if its holonomy group is trivial.
Example 2.13. Let X be a complete nonsingular vector field on a manifold
M of dimension n, x0 a (for simplicity, isolated) periodic point of the flow Xt
of the given vector field and C the corresponding closed phase curve. Let T
be an (n− 1)-dimensional submanifold of M , passing through x0 transverse
to the vector X(x0): TxM = TxT ⊕ RX(x0). For all x ∈ T , closed enough
to x0, there is the least t(x) > 0 such that the corresponding positive semi-
trajectory of the flow {Xt(x) : t > 0} meets T : Xt(x)(x) ∈ T . Thus, we get
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a local diffeomorphism φT : x 7→ Xt(x)(x) of T , defined in a neighborhood
of x0 and taking x0 to itself. This diffeomorphism is called the first return
map (or the Poincare´ map) along the curve C.
If F is the foliation on M given by the trajectories of X, then the holo-
nomy group of the leaf C coincides with Z, and the germ of φT at x0 is a
generator of this group.
Example 2.14. For the Reeb foliation of the three-dimensional sphere S3
all noncompact leaves have trivial holonomy. The holonomy group of the
compact leaf is isomorphic to Z2.
For any smooth transversal T and for any x ∈ T , there is a natural
isomorphism of the tangent space TxT with the normal space τx to F . Thus,
the normal bundle τ plays a role of the tangent bundle to the (germs of)
transversals to F . For any continuous leafwise path γ with the initial point
x and the final point y and for any smooth transversals T0 and T1 such that
x ∈ T0 and y ∈ T1, the differential of the holonomy map HT0T1(γ) at x
defines a linear map dHT0T1(γ)x : τx → τy. It is easy to check that this map
is independent of the choice of transversals T0 and T1. It is called the linear
holonomy map and is denoted by dhγ : τx → τy. Taking the adjoint of dhγ ,
one gets a linear map dh∗γ : N
∗Fy → N∗Fx.
Now we turn to another notion related with the holonomy, the notion of
holonomy pseudogroup. First, recall the general definition of a pseudogroup.
Definition 2.15. A family Γ, consisting of diffeomorphisms between open
subsets of a manifold X (or, in other words, of local diffeomorphisms of X)
is called a pseudogroup on X, if the following conditions hold:
(1) if Φ ∈ Γ, then Φ−1 ∈ Γ;
(2) if Φ1 : U → U1 and Φ2 : U1 → U2 belong to Γ, then Φ2 ◦Φ1 : U → U2
belongs to Γ;
(3) if Φ : U → U1 belongs to Γ, then its restriction to any open subset
V ⊂ U belongs to Γ;
(4) if a diffeomorphism Φ : U → U1 coincides on some neighborhood of
each point in U with an element of Γ, then Φ ∈ Γ;
(5) the identity diffeomorphism belongs to Γ.
Example 2.16. The set of all local diffeomorphisms of a manifold X form a
pseudogroup on X. One can also consider pseudogroups, consisting of local
diffeomorphisms of a manifold X, which preserve a geometric structure, for
instance, the pseudogroup of local isometries and so on.
Definition 2.17. Let (M,F) be a smooth foliated manifold and X the dis-
joint union of all smooth transversals to F . The holonomy pseudogroup
of the foliation F is the pseudogroup Γ, which consists of all local diffeo-
morphisms of X, whose germ at any point coincides with the germ of the
holonomy map along a leafwise path.
Definition 2.18. Let (M,F) be a smooth foliated manifold and T be a
smooth transversal. The holonomy pseudogroup induced by the foliation F
NONCOMMUTATIVE GEOMETRY OF FOLIATIONS 11
on T is the pseudogroup ΓT , which consists of all local diffeomorphisms of
T , whose germ at any point coincides with the germ of the holonomy map
along a leafwise path.
There is a special class of smooth transversals given by good covers of the
manifold M .
Definition 2.19. A foliated chart φ : U ⊂M → Rp×Rq is called regular, if
it admits an extension to a foliated chart φ : V → Rp×Rq such that U ⊂ V .
Definition 2.20. A cover of a manifold M by foliated neighborhoods {Ui}
is called good, if:
(1) Any chart (Ui, φi) is a regular foliated chart;
(2) If U i ∩ U j 6= ∅, then Ui ∩ Uj 6= ∅ and the set Ui ∩ Uj is connected.
The same is true for the corresponding foliated neighborhoods Vi;
(3) Each plaque of Vi meets at most one plaque of Vj . A plaque of Ui
meets a plaque of Uj if and only if the intersection of the correspond-
ing plaques of Vi and Vj is nonempty.
Good covers always exist.
Let U = {Ui} be a good cover for the foliation F , φi : Ui
∼=→ Ip × Iq. For
any i, put
Ti = φ
−1
i ({0} × Iq).
Then Ti is a transversal, and T = ∪Ti is a complete transversal. For y ∈ Ti
denote by Pi(y) the plaque of Ui, passing through y. For any pair of indices
i and j such that Ui ∩ Uj 6= ∅, define
Tij = {y ∈ Ti : Pi(y) ∩ Uj 6= ∅}.
There is defined a transition function fij : Tij → Tji given for y ∈ Tij by the
formula fij(y) = y1, where y1 ∈ Tji corresponds to the unique plaque Pj(y1),
for which Pi(y)∩Pj(y1) 6= ∅. The holonomy pseudogroup ΓT induced by F
on T coincides with the pseudogroup generated by the maps fij.
Definition 2.21 (cf., for instance, [92]). A transverse structure on a folia-
tion F is a structure on a complete transversal T , invariant under the action
of the holonomy pseudogroup ΓT .
Using the notion of transverse structure, one can single out classes of
foliations with specific transverse properties. For instance, if a complete
transversal T is equipped with a Riemannian metric, and the holonomy
pseudogroup ΓT consists of all local isometries of this Riemannian metric,
we get a class of Riemannian foliations (see Section 2.5). Similarly, if a
complete transversal T is equipped with a symplectic structure, and the ho-
lonomy pseudogroup ΓT consists of all local diffeomorphisms, preserving this
symplectic structure, we get a class of symplectic foliations (see Section 2.6).
One can also consider Kaehler foliations, measurable foliations and so on.
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2.3. Transverse measures. Before we turn to the discussion of an ana-
logue of the notion of measure on the leaf space of a foliation, we recall
some basic facts, concerning to densities and integration of densities (cf., for
instance, [31, 86]).
Definition 2.22. Let L be an n-dimensional linear space and B(L) the set
of bases in L. An α-density on L (α ∈ R) is a function ρ : B(L) → C such
that, for any A = (Aij) ∈ GL(n,C) and e = (e1, e2, . . . , en) ∈ B(L),
ρ(e · A) = |detA|αρ(e),
where (e · A)i =
∑n
j=1 ejAji, i = 1, 2, . . . , n.
We will denote by |L|α the space of all α-densities on L. For any vector
bundle V on M , denote by |V |α the associated bundle of α-densities, |V | =
|V |1.
For any smooth, compactly supported density ρ on a smooth manifold
M there is a well-defined integral
∫
M ρ, independent of the fact if M is
orientable or not. This fact allows to define a Hilbert space L2(M), canon-
ically associated with M , which consists of square integrable half-densities
on M . The diffeomorphism group of M acts on the space L2(M) by unitary
transformations.
Definition 2.23. A (Borel) transversal to a foliation F is a Borel subset of
M , which intersects each leaf of the foliation in an at most countable set.
Definition 2.24. A transverse measure Λ is a countably additive Radon
measure, defined on the set of all transversals to the foliation.
Definition 2.25. A transverse measure Λ is called holonomy invariant, if
for any transversals B1 and B2 and any bijective Borel map φ : B1 → B2
such that, for any x ∈ B1, the point φ(x) belongs to the leaf through the
point x, we have: Λ(B1) = Λ(B2).
Example 2.26. Let us call by a transverse density any section of the bundle
|τ |. Since, for any smooth transversal T , there is a canonical isomorphism
TxT ∼= τx, a continuous positive density ρ ∈ C(M, |τ |) determines a con-
tinuous positive density on T , that determines a transverse measure. This
transverse measure is holonomy invariant if and only if ρ is invariant under
the linear holonomy action.
Example 2.27. Any compact leaf L of the foliation F defines a holonomy
invariant transverse measure Λ. For any transversal T and for any set A ⊂ T ,
its measure Λ(A) equals the number of elements in A ∩ L.
Let α ∈ C∞(M, |TF|) be a smooth positive leafwise density on M . Start-
ing from a transverse measure Λ and the density α, one can construct a
Borel measure µ on M in the following way. Take a good cover {Ui} of
M by foliated coordinate neighborhoods with the corresponding coordinate
maps φi : Ui → Ip × Iq and a partition of unity {ψi} subordinate to this
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cover. Consider the corresponding complete transversal T =
⋃
i Ti, where
Ti = φ
−1
i ({0} × Iq). In any foliated chart (Ui, φi), the transverse measure
Λ defines a measure Λi on Ti, and the smooth positive leafwise density α
defines a family {αi,y : y ∈ Ti}, where {αi,y} is a smooth positive density
on the plaque Pi(y). Observe that Λ is holonomy invariant if and only if for
any pair of indices i and j such that Ui ∩ Uj 6= ∅, we have: fij(Λi) = Λj .
For any u ∈ C∞c (M), put∫
M
u(m)dµ(m) =
∑
i
∫
Ti
∫
Pi(y)
ψi(x, y)u(x, y)dαi,y(x)dΛi(y).
One can show that this formula defines a measure µ on M , which is inde-
pendent of the choice of a cover {Ui} and a partition of unity {ψi}.
A measure µ on M will be called holonomy invariant, if it is obtained
by means of the above construction from a holonomy invariant transverse
measure Λ with some choice of a smooth positive leafwise density α.
If we take in the above construction instead of the leafwise density u · α
the restrictions to the leaves of an arbitrary differential p-form ω on M , we
obtain a well-defined functional C on C∞c (M,
∧p T ∗M), called the Ruelle-
Sullivan current [161], corresponding to Λ:
〈C,ω〉 =
∑
i
∫
Ti
∫
Pi(y)
ψi(x, y)ωi,y(x)dΛi(y), ω ∈ C∞c (M,
p∧
T ∗M),
where ωi,y is the restriction of ω to the plaque Pi(y), y ∈ Ti.
A transverse measure Λ is holonomy invariant, if and only if the corre-
sponding Ruelle-Sullivan current C is closed:
〈C, dσ〉 = 0, σ ∈ C∞c (M,
p−1∧
T ∗M).
Example 2.28. Suppose that a transverse measure Λ is given by a smooth
positive transverse density ρ ∈ C∞(M, |τ |). Take a positive leafwise density
α ∈ C∞(M, |TF|). Then the corresponding measure µ on M is given by the
smooth positive density α⊗ ρ ∈ C∞(M, |TM |), which corresponds to α and
ρ under the canonical isomorphism |TM | ∼= |TF|⊗ |τ |, defined by the short
exact sequence 0→ TF → TM → τ → 0.
Example 2.29. Suppose that a holonomy invariant transverse measure Λ
is given by a compact leaf L of the foliation F , and α ∈ C∞(M, |TF|) is a
smooth positive leafwise density on M . Then the corresponding measure µ
on M is the δ-function along L:∫
M
f(x) dµ(x) =
∫
L
f(x)α(x), f ∈ Cc(M).
Example 2.30. Suppose that the foliation F is given by the orbits of a
locally free action of a Lie group H on the compact manifold M and a
smooth leafwise density α is given by a fixed Haar measure dh on H. Then
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the corresponding measure µ on M is holonomy invariant if and only if it is
invariant under the action of H.
2.4. Connections. The infinitesimal expression of the holonomy on a foli-
ated manifold is the canonical flat connection
◦
∇: X (F)× C∞(M, τ)→ C∞(M, τ)
in the normal bundle τ , defined along the leaves of F (the Bott connection)
[22, 23]. It is given by
(2.1)
◦
∇XN = θ(X)N = Pτ [X, N˜ ], X ∈ X (F), N ∈ C∞(M, τ),
where N˜ ∈ C∞(M,TM) is any vector field on M such that Pτ (N˜) = N .
Thus, the restriction of τ to any leaf of F is a flat vector bundle. The parallel
transport in τ along any leafwise path γ : x→ y defined by ◦∇ coincides with
the linear holonomy map dhγ : τx → τy.
Definition 2.31. A connection ∇ : X (M)×C∞(M, τ)→ C∞(M, τ) in the
normal bundle τ is called adapted, if its restriction to X (F) coincides with
the Bott connection
◦
∇.
One can construct an adapted connection, starting with an arbitrary Rie-
mannian metric gM onM . Denote by∇g the Levi-Civita connection, defined
by gM . An adapted connection ∇ is given by
(2.2)
∇XN = Pτ [X, N˜ ], X ∈ X (F), N ∈ C∞(M, τ)
∇XN = Pτ∇gXN˜ , X ∈ C∞(M,F⊥), N ∈ C∞(M, τ),
where N˜ ∈ C∞(M,TM) is any vector field such that Pτ (N˜) = N . One can
show that the adapted connection ∇ described above has zero torsion.
The Bott connection
◦
∇ on τ determines a connection (
◦
∇)∗ on τ∗ ∼= N∗F
by the formula
(2.3) (
◦
∇)∗Xω(N) = X[ω(N)]− ω(∇XN),
for any X ∈ TM,ω ∈ C∞(M, τ∗), N ∈ C∞(M, τ).
Definition 2.32. An adapted connection ∇ in the normal bundle τ is called
holonomy invariant, if, for any X ∈ X (F), Y ∈ X (M) and N ∈ C∞(M, τ),
we have
(θ(X)∇)YN = 0,
where, by definition,
(θ(X)∇)YN = θ(X)[∇YN ]−∇θ(X)YN −∇Y [θYN ].
A holonomy invariant adapted connection in τ is called a basic (or pro-
jectable) connection.
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A fundamental property of basic connections is the fact that their curva-
ture R∇ is a basic form, i.e. iXR∇ = 0, θ(X)R∇ = 0 for any X ∈ X (F).
There are topological obstructions for the existence of basic connections for
an arbitrary foliations found independently by Kamber and Tondeur and
Molino (cf., for instance, [106, 134]).
2.5. Riemannian foliations.
Definition 2.33. A foliation (M,F) is called Riemannian, if it has a trans-
verse Riemannian structure. In other words, a foliation (M,F) is called
Riemannian, if there is a cover {Ui} of M by foliated coordinate charts,
φi : Ui → Ip × Iq, and Riemannian metrics g(i)(y) =
∑
αβ g
(i)
αβ(y)dy
αdyβ,
defined on the local bases Iq of F such that, for any coordinate transforma-
tion
φij(x, y) = (αij(x, y), γij(y)), (x, y) ∈ φj(Ui ∩ Uj),
the map γij preserves the metric on I
q, γ∗ij(g
(j)) = g(i).
The class of Riemannian foliations was introduced in the papers of Rein-
hart [154, 155]. There are several equivalent characterizations of Riemannian
foliations. Before we formulate the corresponding result (cf., for instance,
[153, Chapter IV]), we introduce some auxiliary notions.
Definition 2.34. A distribution on a Riemannian manifold is called totally
geodesic, if every geodesic, which is tangent to the given distribution at some
point, is tangent to it along the whole its length.
Definition 2.35. The second fundamental form of a distribution H on a
Riemannian manifold (M,g) is the tensor S (which takes any vector X ∈
TxM at a point x ∈M to a linear map SX : TxM → TxM) given by
g(SMN,X) = 1
2
g(∇gMN +∇gNM,X),
g(SMN,L) = 0,
g(SMX,Y ) = 0,
g(SMX,N) = g(SMN,X),
SX = 0,
where X,Y ∈ X (F) and L,M,N ∈ C∞(M,F⊥), ∇g denote the Levi-Civita
connection determined by g.
Definition 2.36. A map f :M → B of Riemannian manifolds M and B is
called a Riemannian submersion, if the tangent map dfm : TmM → Tf(m)B
at any point m ∈M is surjective and induces an isometric map between the
normal space TmM/Tmf
−1(f(m)) to the level set f−1(f(m)) of f at m and
the tangent space Tf(m)B to B at f(m).
Theorem 2.37. A foliation (M,F) is Riemannian if and only if there is
a Riemannian metric g on M , satisfying any of the following equivalent
conditions:
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(1) The distribution H = F⊥ is totally geodesic.
(2) The second fundamental form of H vanishes.
(3) The induced metric gτ on the normal bundle τ is holonomy invariant:
◦
∇Xgτ (M,N) = 0 for any X ∈ X (F) and for any M,N ∈ C∞(M, τ),
where, by definition,
◦
∇Xgτ (M,N) = X[gτ (M,N)] − gτ (
◦
∇XM,N)− gτ (M,
◦
∇XN).
(4) For any vector fields M and N , which are defined on an open set,
are orthogonal to the leaves and are infinitesimal transformations of
the foliation, and for any X ∈ X (F), we have X[g(M,N)] = 0.
(5) In any foliated chart φ : U → Ip×Iq with the local coordinates (x, y),
the restriction gH of g to H is written in the form
gH =
q∑
α,β=1
gαβ(y)θ
αθβ,
where θα ∈ H∗ is the 1-form, corresponding to the form dyα un-
der the isomorphism H∗
∼=→ T ∗Rq, and gαβ(y) depend only on the
transverse variables y ∈ Rq.
(6) (M,F) locally has the structure of a Riemannian submersion, i. e.,
for any foliated chart φ : U → Ip × Iq, there exists a Riemannian
metric on Iq such that the corresponding distinguished map prnq ◦φ :
U → Iq is a Riemannian submersion.
(7) The adapted connection ∇ on the normal bundle τ given by (2.2)
is a (torsion-free) Riemannian connection: for any Y ∈ X (M) and
M,N ∈ C∞(M, τ)
Y [gτ (M,N)] = gτ (∇YM,N) + gτ (M,∇YN).
(8) The holonomy group of the adapted connection ∇ on the normal
bundle τ given by (2.2) at any point preserves the metric.
Definition 2.38. Any Riemannian metric on M , satisfying the equivalent
conditions of Theorem 2.37, is called bundle-like.
One can prove that a (torsion-free) Riemannian connection on the normal
bundle τ to a Riemannian foliation F is unique. It is uniquely determined by
the transverse metric gτ and is called the transverse Levi-Civita connection
for F . Thus, the transverse Levi-Civita connection is an adapted connection.
Moreover, the transverse Levi-Civita connection turns out to be a holonomy
invariant and, therefore, a basic connection. In particular, this shows the
existence of a basic connection for any Riemannian foliation.
The existence of a bundle-like metric on a foliated manifold imposes strong
restrictions on the geometry of the foliation. There are structure theorems
for Riemannian foliations obtained by Molino (cf. [136, 135]). Using these
structure theorems, many questions, concerning to Riemannian foliations,
can be reduced to the case of Lie foliations, that is, of foliations, whose
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transverse structure is modelled by a finite-dimensional Lie group (cf. Ex-
ample 2.41).
Example 2.39. Any foliation defined by a submersion π : M → B is
Riemannian.
Example 2.40. The orbits of a locally free isometric action of a Lie group
on a Riemannian manifold define a Riemannian foliation. On the other
hand, flows, whose orbits form a Riemannian foliation, are called Riemann-
ian flows. There are examples of Riemannian flows, which are not isometric.
Concerning to Riemannian flows, see, for instance, [32], and also [137, Ap-
pendix A].
Example 2.41. Let M be a smooth manifold, g a real finite-dimensional
Lie algebra and ω an 1-form onM with values in g, satisfying the conditions:
(1) the map ωx : TxM → g is surjective for any x ∈M ;
(2) dω + 12 [ω, ω] = 0.
The distribution Fx = kerωx is integrable and, therefore, defines a codimen-
sion q = dim g foliation on M . Such a foliation is called a Lie g-foliation.
The class of Lie foliations was introduced in [69]. Any Lie foliation is Rie-
mannian.
In the case g = R, a Lie foliation is precisely a codimension one foliation
given by a non-vanishing closed 1-form. Actually, it can be easily seen that
a codimension one foliation is Riemannian if and only if it is given by a
non-vanishing closed 1-form.
Example 2.42. A foliation F on a manifold M = B˜×Γ F , obtained by the
suspension from a manifold B and a homomorphism φ : Γ→ Diff(F ) of the
fundamental group Γ = π1(B) is Riemannian if and only if for any γ ∈ Γ
the diffeomorphism φ(γ) preserves a Riemannian metric on F .
Let F be a transversely oriented Riemannian foliation and g a bundle-
like Riemannian metric. The induced metric on the normal bundle τ yields
the transverse volume form vτ ∈ C∞(M,∧qτ∗) = C∞(M,∧qN∗F), which is
holonomy invariant and defines, therefore, a holonomy invariant transverse
measure on F .
2.6. Symplectic foliations.
Definition 2.43. A foliation (M,F) is called symplectic, if it has a trans-
verse symplectic structure. In other words, a foliation (M,F) is called
symplectic, if there is a cover {Ui} of M by foliated coordinate charts,
φi : Ui → Ip × Iq, and symplectic forms ωi, defined on the local bases
Iq of F such that, for any coordinate transformation
φij(x, y) = (αij(x, y), γij(y)), (x, y) ∈ φj(Ui ∩ Uj),
the map γij preserves the symplectic form, γ
∗
ijωj = ωi.
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Definition 2.44. A presymplectic manifold is a manifold equipped with a
closed 2-form of constant rank.
A transverse symplectic structure on (M,F) uniquely determines a presym-
plectic structure ω on M such that TF coincides with the kernel of ω. On
the other hand, if (M,ω) is a presymplectic manifold, then the kernel of
ω determines an integrable distribution on M and ω induces a transverse
symplectic structure on the corresponding foliation (M,F) (cf. for instance,
[16, 20], in [16] symplectic foliations are called Hamiltonian).
If (M,F) is a symplectic foliation and ω is the corresponding presym-
plectic structure on M , then the q-form ∧qω defines the holonomy invariant
transverse density | ∧q ω| ∈ | ∧q τ∗|, and, therefore, a holonomy invariant
transverse measure, which can be naturally called the transverse Liouville
measure.
Example 2.45. A foliation F on a manifold M = B˜×Γ F , obtained by the
suspension from a manifold B and a homomorphism φ : Γ→ Diff(F ) of the
fundamental group Γ = π1(B) is symplectic if and only if for any γ ∈ Γ the
diffeomorphism φ(γ) preserves a symplectic structure on F .
Example 2.46. Recall (cf., for instance, [120]) that a submanifold Σ of a
symplectic manifold X is called coisotropic, if, for any σ ∈ Σ, the skew-
orthogonal complement (TσΣ)
⊥ of TσΣ is contained in TσΣ. If Σ is a
coisotropic submanifold, then the distribution (TσΣ)
⊥ is integrable, and
the corresponding foliation FΣ is called the characteristic foliation of the
coisotropic submanifold Σ. It is well-known that there is a canonical sym-
plectic structure on TσΣ/(TσΣ)
⊥, therefore, the foliation FΣ is symplectic.
Moreover, if FΣ is simple, then the set Γ ⊂ T ∗M × T ∗M , which consists of
all (ν, ν ′) ∈ T ∗M × T ∗M such that ν and ν ′ lie on the same leaf of FΣ is a
canonical relation.
As shown in [20] (see also [80]), any presymplectic manifold can be ob-
tained, using this construction, that is, as a coisotropic submanifold of a
symplectic manifold.
A particular example of the construction described above is the following
one. For a foliated manifold (M,F), consider T ∗M as a symplectic manifold
with the standard symplectic structure. Then N∗F is a coisotropic subman-
ifold in T ∗M . The corresponding characteristic foliation FN is the natural
lift of F to the conormal bundle and is called a horizontal (or linearized)
foliation. Thus, the linearized foliation FN is symplectic. The coordinate
chart φn : N
∗F → Ip× Iq ×Rq determined by a foliated coordinate chart φ
on M (cf. Section 2.1) is a foliated chart for FN with plaques given by the
level sets y = const, η = const. Informally speaking, the leaf space N∗F/FN
of FN can be considered as the cotangent bundle to the leaf space M/F of
F .
2.7. Differential operators. Let (M,F) be a compact foliated manifold
and E a smooth vector bundle on M (unless otherwise is stated, we will
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assume that vector bundles under consideration are smooth and complex).
We start with some general definitions, concerning to differential operators
on M .
Definition 2.47. A linear differential operator A of order µ, acting in
C∞(M,E), is called a tangential differential operator, if, in any foliated
chart φ : U ⊂ M → Ip × Iq and any trivialization of E over it, A is of the
form
(2.4) A =
∑
|α|≤µ
aα(x, y)D
α
x , (x, y) ∈ Ip × Iq,
where aα are matrix-valued function on I
p × Iq, Dx = 1i ∂∂x .
Definition 2.48. For a tangential differential operator A given by (2.4) in
some foliated chart φ : U ⊂ M → Ip × Iq and a trivialization of E over it,
define its tangential (complete) symbol
σ(x, y, ξ) =
∑
|α|≤µ
aα(x, y)ξ
α, (x, y) ∈ Ip × Iq, ξ ∈ Rp,
and its tangential principal symbol
σµ(x, y, ξ) =
∑
|α|=µ
aα(x, y)ξ
α, (x, y) ∈ Ip × Iq, ξ ∈ Rp.
The tangential principal symbol is invariantly defined as a section of the
bundle L(π∗FE) on T ∗F (where πF : T ∗F →M is the natural projection).
Definition 2.49. A tangential differential operator A is called tangentially
elliptic, if its tangential principal symbol σµ is invertible for ξ 6= 0.
Let Dm(M,E) denote the set of all differential operators of order m and
Dµ(F , E) denote the set of all tangential differential operators of order µ,
acting in C∞(M,E).
Introduce classes Dm,µ(M,F , E), which are linearly generated by arbi-
trary compositions of tangential differential operators of order µ and dif-
ferential operators of order m on M . In other words, an operator A ∈
Dm,µ(M,F , E) is of the form A = ∑αBαCα, where Bα ∈ Dm(M,E),
Cα ∈ Dµ(F , E). If A1 ∈ Dm1,µ1(M,F , E), A2 ∈ Dm2,µ2(M,F , E), then
A1 ◦ A2 ∈ Dm1+m2,µ1+µ2(M,F , E) and, if A ∈ Dm,µ(M,F , E), then A∗ ∈
Dm,µ(M,F , E). The classes Dm,µ(M,F , E) can be extended to classes
Ψm,µ(M,F , E), which contain, for instance, parametrices for elliptic op-
erators of class Dm,µ(M,F , E) (cf. [113]).
We will use the standard classes of pseudodifferential operators Ψk(M,E)
(for the theory of pseudodifferential operators see, for instance, [101, 175,
179, 167]). Recall that a pseudodifferential operator on M is a linear oper-
ator P : C∞(M)→ D′(M), which can be represented in a coordinate patch
X ⊂ Rn as
Pu(x) =
∫
e(x−y)ξp(x, ξ)u(y) dy dξ, x ∈ X,
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where u ∈ C∞c (X), p(x, ξ) ∈ Sm(X × Rn) is the complete symbol of P .
Usually, we will assume that the complete symbol p can be represented as
an asymptotic sum p ∼ pm+ pm−1+ . . ., where pk is homogeneous of degree
k in ξ for |ξ| > 1. The principal symbol pm of P is well-defined as a section
of the bundle L(π∗E) on T˜ ∗M = T ∗M \ {0}, where π : T ∗M → M is the
natural projection.
Definition 2.50. The transversal principal symbol σP of an operator P ∈
Ψm(M,E) is the restriction of its principal symbol pm to N˜
∗F = N∗F \{0}.
Definition 2.51. A operator P ∈ Ψm(M,E) is called transversally elliptic,
if its transversal principal symbol σP (ν) is invertible for any ν ∈ N˜∗F .
Now suppose that a closed foliated manifold (M,F) is equipped with a
Riemannian metric gM . Let H be the orthogonal complement of F = TF .
Thus, there is a decomposition of TM into the direct sum TM = F ⊕ H
and the corresponding bigrading of the exterior power bundle Λ∗T ∗M :
ΛkT ∗M = ⊕i+j=kΛi,jT ∗M, Λi,jT ∗M = ΛiH∗ ⊗ ΛjF ∗.
There is (cf., for instance, [15, Proposition 10.1],[177]) the corresponding
decomposition of the de Rham differential d into the sum of bigraded com-
ponents of the form
(2.5) d = dF + dH + θ.
Here
(1) dF = d0,1 : C
∞(M,Λi,jT ∗M) → C∞(M,Λi,j+1T ∗M) is the tangen-
tial de Rham differential, which is a first order tangentially elliptic
operator, independent of the choice of g;
(2) dH = d1,0 : C
∞(M,Λi,jT ∗M)→ C∞(M,Λi+1,jT ∗M) is the transver-
sal de Rham differential, which is a first order transversally elliptic
operator;
(3) θ = d2,−1 : C
∞(M,Λi,jT ∗M) → C∞(M,Λi+2,j−1T ∗M) is a zero
order differential operator, which is the contraction operator by the
2-form θ on M with values in F , θ ∈ C∞(M,F ⊗ Λ2τ∗), given by
θ(X,Y ) = pF ([X,Y ]), X, Y ∈ C∞(M,H),
where PF : TM → F is the natural projection. In particular, θ
vanishes if and only if H is integrable.
There is a similar decomposition for the adjoint:
(2.6) δ = δF + δH + θ
∗,
where δF , δH and θ
∗ are the adjoints of dF , dH and θ in the Hilbert space
L2(M,ΛT ∗M) accordingly.
The Laplace operator ∆g = dδ + δd of the metric gM can be written in
the form
(2.7) ∆g = ∆F +∆H +∆−1,2 +K1 +K2 +K3,
where
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• ∆F = dF δF+δF dF ∈ D0,2(M,F ,ΛT ∗M) is the tangential Laplacian.
• ∆H = dHδH + δHdH ∈ D2,0(M,F ,ΛT ∗M) is the transversal Lapla-
cian.
• ∆−1,2 = θθ∗ + θ∗θ ∈ D0,0(M,F ,ΛT ∗M).
• K1 = dF δH + δHdF + δF dH + dHδF ∈ D1,0(M,F ,ΛT ∗M).
• K2 = dF θ∗ + θ∗dF + δF θ + θδF ∈ D0,0(M,F ,ΛT ∗M).
• K3 = dHθ∗ + θ∗dH + δHθ + θδH ∈ D1,0(M,F ,ΛT ∗M).
We also introduce the first order differential operator DH = dH + d
∗
H in
C∞(M,
∧
H∗), which is called the transverse signature operator.
A basic property of geometric operators on manifolds equipped with Rie-
mannian foliation is that, if F is a Riemannian foliation and gM is a bundle-
like metric, then the operators dF δH + δHdF and δF dH + dHδF belong to
D0,1(M,F ,ΛT ∗M). In particular, K1 ∈ D0,1(M,F ,ΛT ∗M).
3. Operator algebras of foliations
In this Section, we will describe the noncommutative algebras associated
with the leaf space of a foliation. First, we will define an algebra, consisting
of very nice functions, on which all basic operators of analysis are defined,
then, depending on a problem in question, we will complete this algebra
and obtain an analogue of the algebra of measurable, continuous or smooth
functions. The role of a “nice” algebra is played by the algebra C∞c (G) of
smooth compactly supported functions on the holonomy groupoid G of the
foliation. Therefore, we start with the notion of holonomy groupoid of a
foliation.
3.1. Holonomy groupoid. A foliation F defines an equivalence relation
R ⊂M×M onM : (x, y) ∈ R if and only if x and y lie on the same leaf of the
foliation F . Generally, R is not a smooth manifold, but one can resolve its
singularity, constructing a smooth manifold G, called the holonomy groupoid
or the graph of the foliation, which “almost everywhere” coincides with R
and which can be used in many cases as a substitution forR. The idea of the
holonomy groupoid appeared in the papers of Ehresmann, Reeb and Thom
(cf. [67, 176]) and was completely realized by Winkelnkemper [184]. First of
all, we give the general definition of a groupoid (see [156, 137, 31, 126, 146]
for groupoids and related subjects).
Definition 3.1. We say that a set G has the structure of a groupoid with
the set of units G(0), if there are defined maps
• ∆ : G(0) → G (the diagonal map or the unit map);
• an involution i : G → G called the inversion and written as i(γ) =
γ−1;
• a range map r : G→ G(0) and a source map s : G→ G(0);
• an associative multiplication m : (γ, γ′)→ γγ′ defined on the set
G(2) = {(γ, γ′) ∈ G×G : r(γ′) = s(γ)},
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satisfying the conditions
• r(∆(x)) = s(∆(x)) = x and γ∆(s(γ)) = γ, ∆(r(γ))γ = γ;
• r(γ−1) = s(γ) and γγ−1 = ∆(r(γ)).
Alternatively, one can define a groupoid as a small category, where each
morphism is an isomorphism.
It is convenient to think of an element γ ∈ G as an arrow γ : x→ y, going
from x = s(γ) to y = r(γ).
We will use the standard notation (for x, y ∈ G(0)):
• Gx = {γ ∈ G : r(γ) = x} = r−1(x),
• Gx = {γ ∈ G : s(γ) = x} = s−1(x),
• Gxy = {γ ∈ G : s(γ) = x, r(γ) = y}.
Definition 3.2. A groupoid G is called smooth (or a Lie groupoid), if G(0),
G and G(2) are smooth manifolds, r, s, i and m are smooth maps, r and s
are submersions, and ∆ is an immersion.
Example 3.3. Lie groups. A Lie group H defines a smooth groupoid as
follows: G = H, G(0) consists of a single point, the maps i and m are given
by the group operations in H.
Example 3.4. Trivial groupoid. Let X be an arbitrary set. Put G = X,
G(0) = X, the maps s and r are the identity maps (that is, in other words,
each element x ∈ G(0) = X is identified with an unique element γ : x→ x).
Example 3.5. Equivalence relations. Any equivalence relation R ⊂ X ×X
defines a groupoid, if we put G(0) = X, G = R, the maps s : R→ X and r :
R→ X are given by s(x, y) = y, r(x, y) = x. Thus, pairs (x1, y1) and (x2, y2)
can be multiplied if and only if y1 = x2, and in this case (x1, y1)(x2, y2) =
(x1, y2).
In the particular case of R = X ×X, we get a so called principal or pair
groupoid.
Example 3.6. Group actions. Let a Lie group H act smoothly from the
left on a smooth manifold X. The crossed product groupoid X ⋊ H is
defined as follows: G(0) = X, G = X ×H. The maps s : X ×H → X and
r : X × H → X have the form s(x, h) = h−1x, r(x, h) = x. Thus, pairs
(x1, h1) and (x2, h2) can be multiplied if and only if x2 = h
−1
1 x1, and in this
case (x1, h1)(x2, h2) = (x1, h1h2).
Example 3.7. Fundamental groupoid (cf. for instance, [169]). Let X be
a topological space, G = Π(X) the set of homotopy classes of paths in X
with all possible endpoints. More precisely, if γ : [0, 1] → X is a path from
x = γ(0) to y = γ(1), then we denote by [γ] the homotopy class of γ with
fixed x and y. Define the groupoid Π(X) as the set of triples (x, [γ], y),
where x, y ∈ X, γ is a path with the initial point x = γ(0) and the final
point y = γ(1), where the multiplication is given by the product of paths.
The groupoid Π(X) is called the fundamental groupoid of X.
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Example 3.8. The Haefliger groupoid Γn [23, 89, 91]. Let M be a smooth
manifold. A groupoid ΓM consists of the germs of local diffeomorphisms
of M at arbitrary points of M . (ΓM )
(0) = M . If γ ∈ ΓM is the germ at
x ∈ M of a diffeomorphism f from some neighborhood U of x on an open
set f(U), then s(γ) = x, r(γ) = f(x). The multiplication in ΓM is given by
the composition of maps. If M = Rn, then the groupoid ΓM is denoted by
Γn.
The holonomy groupoid G = G(M,F) of a foliated manifold (M,F) is
defined in the following way. Let ∼h be an equivalence relation on the set of
continuous leafwise paths γ : [0, 1]→M , setting γ1 ∼h γ2, if γ1 and γ2 have
the same initial and final points and the same holonomy maps: hγ1 = hγ2 .
The holonomy groupoid G is the set of ∼h-equivalence classes of leafwise
paths. The set of units G(0) is a manifold M . The multiplication in G is
given by the product of paths. The corresponding range and source maps
s, r : G → M are given by s(γ) = γ(0) and r(γ) = γ(1). Finally, the
diagonal map ∆ : M → G takes any x ∈ M to the element in G given
by the constant path γ(t) = x, t ∈ [0, 1]. To simplify the notation, we will
identify x ∈M with ∆(x) ∈ G.
For any x ∈M the map s maps Gx on the leaf Lx through x. The group
Gxx coincides with the holonomy group of Lx. The map s : G
x → Lx is the
covering map associated with the group Gxx, called the holonomy covering.
One can also introduce the holonomy groupoid G(L) of a leaf L of F as
the set of ∼h-equivalence classes of piecewise smooth paths in L.
The holonomy groupoid G has the structure of a smooth (in general, non-
Hausdorff and non-paracompact) manifold of dimension 2p + q. Recall the
construction of an atlas on G [34].
Let φ : U → Ip × Iq, φ′ : U ′ → Ip × Iq be two foliated charts, π =
prnq ◦ φ : U → Rq, π′ = prnq ◦ φ′ : U ′ → Rq the corresponding distinguished
maps. The foliated charts φ, φ′ are called compatible, if, for any m ∈ U and
m′ ∈ U ′ with π(m) = π′(m′), there is a leafwise path γ from m to m′ such
that the corresponding holonomy map hγ takes the germ πm of π at m to
the germ π′m′ of π
′ at m′.
For any pair of compatible foliated charts φ and φ′ denote by W (φ, φ′)
the subset in G, consisting of all γ ∈ G from s(γ) = m = φ−1(x, y) ∈ U to
r(γ) = m′ = φ′−1(x′, y) ∈ U ′ such that the corresponding holonomy map hγ
takes the germ πm of the map π = prnq ◦φ at m to the germ π′m′ of the map
π′ = prnq ◦ φ′ at m′. There is a coordinate map
(3.1) Γ : W (φ, φ′)→ Ip × Ip × Iq,
which takes each element γ ∈ W (φ, φ′) such that s(γ) = m = κ−1(x, y),
r(γ) = m′ = φ′−1(x′, y) and hγπm = π
′
m′ to the triple (x, x
′, y) ∈ Ip×Ip×Iq.
As shown in [34], the coordinate neighborhoods W (φ, φ′) form an at-
las of a (2p + q)-dimensional manifold (in general, non-Hausdorff and non-
paracompact) on G. Moreover, the groupoid G is a smooth groupoid.
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Non-Hausdorffness of the holonomy groupoid is related with the phenom-
enon of one-sided holonomy. The simplest example of a foliation with the
non-Hausdorff holonomy groupoid is given by the trajectories of a nonsin-
gular vector field on the plane, having a one-sided limit cycle. As shown
in [184], the holonomy groupoid is Hausdorff if and only if the holonomy
maps HT0T1(γ1) and HT0T1(γ2) along any leafwise paths γ1 and γ2 with the
initial point x and the final point y, given by smooth transversals T0 and
T1, passing through x and y accordingly, coincide, if they coincide on some
open subset U ⊂ T0 such that x ∈ U¯ . In particular, the holonomy groupoid
is Hausdorff, if the holonomy is trivial, or real analytic. Moreover, the holo-
nomy groupoid of a Riemannian foliation is Hausdorff. In the following, we
will always assume that G is a Hausdorff manifold.
Example 3.9. If a simple foliation F is defined by a submersion π :M → B,
then its holonomy groupoid G consists of all (x, y) ∈ M × M such that
π(x) = π(y), and, moreover, G(0) =M , the maps s : G→M and r : G→M
are given by s(x, y) = y, r(x, y) = x.
Example 3.10. If a foliation F is given by the orbits of a free smooth action
of a connected Lie group H on a manifold M , then its holonomy groupoid
coincides with the crossed product groupoid M ⋊H.
Besides the holonomy groupoid, there are another groupoids, which can
be associated with the foliation. First of all, it is the groupoid given by
the equivalence relation on M , setting points x and y to be equivalent, if
they lie on the same leaf of the foliation (the coarse groupoid). As noted
above, this groupoid is not smooth. One can also consider the fundamental
groupoid of the foliation Π(M,F), which also consists of equivalence classes
of leafwise paths, where two leafwise paths are called equivalent, if they
are homotopic in the class of leafwise paths with fixed endpoints. The
fundamental groupoid of the foliation Π(M,F) is a smooth groupoid (cf.,
for instance, [149]).
There is a foliation G of dimension 2p on the holonomy groupoid G. In
any coordinate chart W (φ, φ′) given by a pair of compatible foliated charts
φ and φ′, the leaves of G are given by equations of the form y = const. The
leaf of G through γ ∈ G consists of all γ′ ∈ G such that r(γ) and r(γ′) lie on
the same leaf of F and coincides with the holonomy groupoid of this leaf.
The holonomy group of a leaf of G coincides with the holonomy group of
the corresponding leaf of F . (The last statement corrects an erroneous one
made in [184]. This fact was noted, for instance, by Molino in his review of
[184] in Mathematical Reviews (see MR 85j:57043).)
The differential of the map (r, s) : G→M ×M maps isomorphically the
tangent bundle TG to G to the bundle F ⊠F on M ×M , therefore, there is
a canonical isomorphism TG ∼= r∗F ⊕ s∗F .
A distribution H on M transverse to F determines a distribution HG
on G transverse to G. For any X ∈ Hy, there is a unique vector X̂ ∈ TγG
such that ds(X̂) = dh−1γ (X) and dr(X̂) = X, where dhγ : Hx → Hy is
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the linear holonomy map associated with γ. The space HγG consists of all
vectors of the form X̂ ∈ TγG for different X ∈ Hy. In any coordinate chart
W (φ, φ′) on G, the tangent space TγG to G at some γ with the coordinates
(x, x′, y) consists of vectors of the form X ∂∂x + X
′ ∂
∂x′ and the distribution
HγG consists of vectors X
∂
∂x +X
′ ∂
∂x′ + Y
∂
∂y such that X
∂
∂x + Y
∂
∂y ∈ H(x,y)
and X ′ ∂∂x′ + Y
∂
∂y ∈ H(x′,y).
Let gM be a Riemannian metric on M and H = F
⊥. Then a Riemannian
metric gG on G is defined as follows. All the components in TγG = Fy ⊕
Fx⊕HγG are mutually orthogonal, and, by definition, gG coincides with gM
on Fy ⊕HγG ∼= Fy ⊕Hy = TyM and with gF on Fx.
If F is Riemannian and gM is a bundle-like Riemannian metric, then gG
is bundle-like, and, therefore, G is Riemannian. Moreover, in this case the
maps s : G → M and r : G → M are Riemannian submersions and locally
trivial fibrations. In particular, the holonomy coverings Gx of leaves of F
are diffeomorphic [184].
3.2. The C∗-algebra of a foliation and noncommutative topology.
In this Section, we will describe the construction of the C∗-algebra associated
with an arbitrary foliation, which is an analogue of the algebra of continuous
functions on the leaf space of the foliation.
Definition 3.11. (cf., for instance, [62, 141, 147, 174]) A C∗-algebra is an
involutive Banach algebra A such that
‖a∗a‖ = ‖a‖2, a ∈ A.
Example 3.12. The simplest example of a C∗-algebra is given by the alge-
bra C0(X) of continuous functions on a locally compact Hausdorff topolog-
ical space X, vanishing at the infinity, which is endowed with operations of
the pointwise addition and the multiplication, with the standard involution
and with the uniform norm
‖f‖ = sup
x∈X
|f(x)|, f ∈ C0(X).
The Gelfand-Naimark theorem allows to reconstruct uniquely from a com-
mutative C∗-algebra A the locally compact Hausdorff topological space X
such that A ∼= C0(X). More precisely, X coincides with the set Â of all
characters of the algebra A, i. e., of all continuous homomorphisms A→ C,
endowed with the topology of pointwise convergence.
The previous example permits to consider an arbitrary C∗-algebra as the
algebra of continuous functions on some virtual space. By this reason, the
theory of C∗-algebras is often called as noncommutative topology.
Example 3.13. The algebra L(H) of bounded operators in a Hilbert space
H equipped with the involution given by taking the adjoints and with the
operator norm is a C∗-algebra.
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By the second Gelfand-Naimark theorem, any C∗-algebra is isometrically
∗-isomorphic to some norm closed ∗-subalgebra of the algebra L(H) for some
Hilbert space H.
There are two ways to define the C∗-algebras associated with a foliation.
The first way makes use of the auxiliary choices of a smooth Haar system,
the second one requires no auxiliary choices and uses the language of half-
densities.
3.2.1. Definitions, using a Haar system. In this Section we give the defini-
tion of the C∗-algebras associated with an arbitrary smooth groupoid G. In
fact, the assumption of smoothness of a groupoid is not essential here, and
all the definitions can be generalized to the case of topological groupoids
(cf., for instance, [156]).
We will only consider Hausdorff groupoids. For the definition of the
C∗-algebra of a foliation in the case when the holonomy groupoid is non-
Hausdorff, cf. [37] (and also [57, 58, 60]).
Definition 3.14. A smooth Haar system on a smooth groupoidG is a family
of positive Radon measures {νx : x ∈ G(0)} on G, satisfying the following
conditions:
(1) The support of the measure νx coincides with Gx, and νx is a smooth
measure on Gx.
(2) The family {νx : x ∈ G(0)} is left-invariant, that is, for any continu-
ous function f ∈ C(Gx), f ≥ 0, and for any γ ∈ G, s(γ) = x, r(γ) =
y, we have∫
Gy
f(γ1)dν
y(γ1) =
∫
Gx
f(γγ1) dν
x(γ1).
(3) The family {νx : x ∈ G(0)} is smooth, that is, for any φ ∈ C∞c (G)
the function
x ∈ G(0) 7→
∫
Gx
φ(γ)dνx(γ)
is a smooth function on G(0).
For a compact foliated manifold (M,F), there is a distinguished class of
smooth Haar systems {νx : x ∈ G(0)} on the holonomy groupoid G of F
given by smooth positive leafwise densities α ∈ C∞(M, |TF|). The positive
Radon measure νx on Gx, x ∈ M, is given as the lift of the density α via
the holonomy covering s : Gx →M . In the following, we will assume that a
Haar system on G constructed in such a way is fixed.
Let G be a smooth groupoid, G(0) =M and {νx : x ∈M} a smooth Haar
system. Introduce the structure of an involutive algebra on C∞c (G) by
k1 ∗ k2(γ) =
∫
Gx
k1(γ1)k2(γ
−1
1 γ) dν
x(γ1), γ ∈ Gx,
k∗(γ) = k(γ−1), γ ∈ G.
NONCOMMUTATIVE GEOMETRY OF FOLIATIONS 27
For any x ∈ M , there is a natural representation of C∞c (G) in the Hilbert
space L2(Gx, νx) given, for k ∈ C∞c (G) and ζ ∈ L2(Gx, νx), by
Rx(k)ζ(γ) =
∫
Gx
k(γ−1γ1)ζ(γ1)dν
x(γ1), r(γ) = x.
The completion of the involutive algebra C∞c (G) in the norm
‖k‖ = sup
x
‖Rx(k)‖
is called the reduced C∗-algebra of the groupoid G and denoted by C∗r (G).
There is also defined the full C∗-algebra of the groupoid C∗(G), which is the
completion of C∞c (G) in the norm
‖k‖max = sup ‖π(k)‖,
where supremum is taken over the set of all ∗-representations π of the algebra
C∞c (G) in Hilbert spaces.
Any k ∈ C∞c (G) defines a bounded operator R(k) in C∞c (M). For any
u ∈ C∞c (M), we have
R(k)u(x) =
∫
Gx
k(γ)u(s(γ))dνx(γ), x ∈M.
The correspondence k 7→ R(k) defines a representation of the algebra C∞c (G)
in C∞c (M).
Example 3.15. Lie groups. If a groupoid G is given by a Lie group H, then
a smooth Haar system on G is given by a left-invariant Haar measure dh
on H, and the multiplication in C∞c (G) is the convolution operation defined
for any u, v ∈ C∞c (H) by
(u ∗ v)(g) =
∫
H
u(h)v(h−1g) dh, g ∈ H,
the involution is given by
u∗(g) = u(g−1), u ∈ C∞c (H),
and the operator algebras C∗r (G) and C
∗(G) are the group C∗-algebras
C∗r (H) and C
∗(H) (cf., for instance, [147]).
Example 3.16. Trivial groupoid. Let X be a smooth manifold. PutG = X,
G(0) = X, the maps s and r are the identity maps. The operator algebras
C∗r (G) and C
∗(G) coincide with the commutative C∗-algebra C0(X).
Example 3.17. Principal groupoid. Let X be a smooth manifold. Put
G(0) = X, G = X ×X. The maps s : X ×X → X and r : X ×X → X are
given by s(x, y) = y, r(x, y) = x. If we choose a Haar system on G, taking
as νx a fixed smooth measure µ in each Gx = X, then the operations in
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C∞c (G) are given by
(k1 ∗ k2)(x, y) =
∫
X
k1(x, z)k2(z, y)dµ(z), (x, y) ∈ X ×X,
k∗(x, y) = k(y, x), (x, y) ∈ X ×X,
where k, k1, k2 ∈ C∞c (G). Thus, elements of C∞c (G) can be considered as the
kernels of integral operators in C∞(X). The representation k → Rx(k) takes
each k ∈ C∞c (G) ⊂ C∞(X × X) to the integral operator in L2(Gx, νx) ∼=
L2(X,µ) with the integral kernel k:
Rx(k)u(y) =
∫
X
k(y, z)u(z)dµ(z), u ∈ L2(X,µ).
Finally, the operator algebras C∗r (G) and C
∗(G) coincide with the algebra
C0(X)⊗K(L2(X,µ)).
Example 3.18. Group actions. Let a Lie group H act smoothly from the
left on a smooth manifold X. Consider the corresponding crossed product
groupoid G = X ⋊ H. Then Gx = H for any x ∈ X and a smooth Haar
system on G = X ⋊H is given by a left-invariant Haar measure dh on H.
The multiplication in C∞c (G) is defined for any u, v ∈ C∞c (X ×H) by
(u ∗ v)(x, g) =
∫
H
u(x, h)v(h−1x, h−1g) dh, (x, g) ∈ X ×H,
the involution is defined for u ∈ C∞c (X ×H) by
u∗(x, g) = u(g−1x, g−1), (x, g) ∈ X ×H.
The operator algebras C∗r (G) and C
∗(G) associated with the crossed product
groupoid G = X ⋊H coincide with the crossed products C0(X) ⋊r H and
C0(X)⋊H of the algebra C0(X) by the group H with respect to the induced
action of H on C0(X) (cf., for instance, [147]).
If the group H is discrete, elements of C∞c (G) are families {aγ ∈ C∞(X) :
γ ∈ H} such that aγ 6= 0 for finitely many elements γ. It is convenient to
write them as a =
∑
γ∈H aγUγ . The multiplication in C
∞
c (G) is written as
(aγ1Uγ1)(bγ2Uγ2) = (aγ1Tγ1(bγ2))Uγ1γ2 ,
where Tγ denotes the operator in C0(X) induced by the action of γ ∈ H:
Tγf(x) = f(γ
−1x), x ∈ X, f ∈ C0(X).
The involution in the algebra C∞c (G) is given by
(aγUγ)
∗ = a¯γUγ−1 .
Let G be the holonomy groupoid of a foliation F on a compact manifold
M . Elements of the algebra C∞c (G) can be considered as families of the
kernels of integral operators along the leaves of the foliation (more precisely,
on the holonomy coverings Gx). Namely, each k ∈ C∞c (G) corresponds
NONCOMMUTATIVE GEOMETRY OF FOLIATIONS 29
to the family {Rx(k) : x ∈ M}, where Rx(k) is the integral operator in
L2(Gx, νx) given by the integral kernel
K(γ1, γ2) = k(γ
−1
1 γ2), γ1, γ2 ∈ Gx.
The product of elements k1 and k2 from C
∞
c (G) corresponds to the com-
position of integral operators {Rx(k1)Rx(k2) : x ∈ M}. Finally, the rep-
resentation R means the natural action of such families of leafwise integral
operators in L2(M). In this case, the algebra C∗r (G) will be often called the
reduced C∗-algebra of the foliation and denoted by C∗(M,F).
Example 3.19. Consider the simplest example of a foliation, given by the
linear foliation on the torus. Thus, suppose that M = T 2 = R2/Z2 is the
two-dimensional torus and a foliation Fθ is given by the trajectories of the
vector field X = ∂∂x + θ
∂
∂y , where θ ∈ R is a fixed irrational number.
Since this foliation is given by the orbits of a free group action of R on T 2,
its holonomy groupoid coincides with the crossed product groupoid T 2⋊R.
Thus, G = T 2 × R, G(0) = T 2, s(x, y, t) = (x − t, y − θt), r(x, y, t) = (x, y),
(x, y) ∈ T 2, t ∈ R, and the multiplication is given by
(x1, y1, t1)(x2, y2, t2) = (x1, y1, t1 + t2),
if x2 = x1 − t1, y2 = y1 − θt1.
The C∗-algebra C∗r (G) of the linear foliation on T
2 coincides with the
crossed product C(T 2) ⋊r R. Therefore, the product k1 ∗ k2 of k1, k2 ∈
C∞c (T
2 ×R) ⊂ C(T 2)⋊r R is given by
(k1 ∗ k2)(x, y, t) =
∫ ∞
−∞
k1(x1, y1, t1)k2(x− t1, y − θt1, t− t1) dt1,
(x, y) ∈ T 2, t ∈ R,
and, for any k ∈ C∞c (T 2 × R),
k∗(x, y, t) = k(x− t, y − θt,−t), (x, y) ∈ T 2, t ∈ R.
For any k ∈ C∞c (T 2 × R) and for any (x, y) ∈ T 2, the operator R(x,y)(k) in
L2(G(x,y)) ∼= L2(R) has the form: for any u ∈ L2(R)
R(x,y)(k)u(t) =
∫ ∞
−∞
k(x− t1, y − θt1, t− t1)u(t1) dt1, t ∈ R.
Finally, for any k ∈ C∞c (T 2×R), the corresponding operator R(k) in L2(T 2)
is given by
R(k)u(x, y) =
∫ ∞
−∞
k(x, y, t)u(x − t, y − θt) dt, (x, y) ∈ T 2.
If θ is rational, then the linear foliation on T 2 is given by the orbits of
a free group action of S1 on T 2, and its holonomy groupoid coincides with
the crossed product groupoid G = T 2 ⋊ S1.
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We will also need the twisted version of the notion of the C∗-algebra
of a foliation (M,F), with coefficients in a Hermitian vector bundle E on
M . Denote by C∞c (G,L(E)) the space of smooth, compactly supported
sections of the vector bundle (s∗E)∗ ⊗ r∗E on G. In other words, the value
of k ∈ C∞c (G,L(E)) at any γ ∈ G is a linear map k(γ) : Es(γ) → Er(γ). The
structure of an involutive algebra on C∞c (G,L(E)) is defined by analogous
formulas
k1 ∗ k2(γ) =
∫
Gx
k1(γ1)k2(γ
−1
1 γ) dν
x(γ1), γ ∈ G, r(γ) = x,
k∗(γ) = k(γ−1)∗, γ ∈ G.
with the only difference that the product k1(γ1)k2(γ
−1
1 γ) means here the
composition of the linear maps k2(γ
−1
1 γ) : Es(γ) → Es(γ1) and k1(γ1) :
Es(γ1) → Er(γ1) and k(γ−1)∗ means the adjoint of k(γ−1) : Er(γ) → Es(γ).
Consider the vector bundle E˜ = s∗(E) on G. Let E˜x be the restriction
of the bundle E˜ to Gx, and L2(Gx, E˜x) the Hilbert space of L2-sections of
the bundle E˜x, determined by the fixed Hermitian structure on E˜x and the
measure νx. For any x ∈M , we introduce a representation Rx of the algebra
C∞c (G,L(E)) in L2(Gx, E˜x), given, for k ∈ C∞c (G,L(E)), by
(3.2) Rx(k)ζ(γ) =
∫
Gx
k(γ−1γ1)ζ(γ1)dν
x(γ1), ζ ∈ L2(Gx, E˜x).
The completion of C∞c (G,L(E)) in the norm ‖k‖ = supx ‖Rx(k)‖ is called
the reduced (twisted) C∗-algebra of the foliation with coefficients in E and
denoted by C∗r (G,E) or C
∗(M,F , E). Denote by C∗(G,E) the full C∗-
algebra of the foliation, defined in the same way as in the case of trivial
coefficients.
Any k ∈ C∞c (G,L(E)) defines an operator RE(k) in C∞(M,E). For any
u ∈ C∞(M,E), we have
(3.3) RE(k)u(x) =
∫
Gx
k(γ)u(s(γ))dνx(γ), x ∈M.
The correspondence k 7→ RE(k) determines a representation of the algebra
C∞c (G,L(E)) in L2(M,E).
Let us give some facts, which relate the structure of the reduced C∗-
algebra of a foliation C∗(M,F) with the topology of F (for more details cf.
[68, 99]).
Theorem 3.20 ([68]). Let (M,F) be a foliated manifold.
(1) The C∗-algebra C∗(M,F) is simple if and only if F is minimal, i.e.
every its leaf is dense in M .
(2) The C∗-algebra C∗(M,F) is primitive if and only if F is (topologi-
cally) transitive, i.e. it has a leaf, dense in M .
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(3) If F is amenable in the sense that C∗(M,F) = C∗(G), the C∗-
algebra C∗(M,F) has a representation, consisting of compact oper-
ators if and only if F has a compact leaf.
In the work [68], a description of the space of primitive ideals of the
C∗-algebra C∗(M,F) is also given.
3.2.2. Definition, using half-densities. In this Section, we will give the def-
initions of the operator algebras associated with a foliated manifold, which
make no choice of a Haar system. For this, we will use the language of
half-densities.
Let (M,F) be a compact foliated manifold. Consider the vector bundle
of leafwise half-densities |TF|1/2 on M . Pull back |TF|1/2 to the vector
bundles s∗(|TF|1/2) and r∗(|TF|1/2) on the holonomy groupoid G, using
the source map s and the range map r. Define a vector bundle |TG|1/2 on
G as
|TG|1/2 = r∗(|TF|1/2)⊗ s∗(|TF|1/2).
The bundle |TG|1/2 is naturally identified with the bundle of leafwise half-
densities on the foliated manifold (G,G).
The structure of an involutive algebra on C∞c (G, |TG|1/2) is defined as
σ1 ∗ σ2(γ) =
∫
γ1γ2=γ
σ1(γ1)σ2(γ2), γ ∈ G,
σ∗(γ) = σ(γ−1), γ ∈ G,
where σ, σ1, σ2 ∈ C∞c (G, |TG|1/2). The formula for σ1 ∗ σ2 should be inter-
preted in the following way. If we write γ : x→ y, γ1 : z → y and γ2 : x→ z,
then
σ1(γ1)σ2(γ2) ∈|TyF|1/2 ⊗ |TzF|1/2 ⊗ |TzF|1/2 ⊗ |TxF|1/2
∼= |TyF|1/2 ⊗ |TzF|1 ⊗ |TxF|1/2,
and, integrating the |TzF|1-component σ1(γ1)σ2(γ2) with respect to z ∈M ,
we get a well-defined section of the bundle r∗(|TF|1/2) ⊗ s∗(|TF|1/2) =
|TG|1/2.
In the case of nontrivial coefficients, taking values in an Hermitian vector
bundle E onM , it is necessary to consider the space C∞c (G,L(E)⊗|TG|1/2),
where the structure of an involutive algebra is defined by the same formulas.
The formula (3.3) can be rewritten in the language of half-densities as
follows. For any σ ∈ C∞c (G,L(E)⊗ |TG|1/2) and u ∈ C∞(M,E ⊗ |TM |1/2),
the element RE(σ)u of C
∞(M,E ⊗ |TM |1/2) is given by
RE(σ)u(x) =
∫
Gx
σ(γ)s∗u(γ), x ∈M.
This formula should be interpreted as follows. Using a canonical isomor-
phism |TM |1/2 ∼= |TF|1/2 ⊗ |TM/TF|1/2 of vector bundles on M and a
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canonical isomorphism s∗(|TM/TF|1/2) ∼= r∗(|TM/TF|1/2) of vector bun-
dles on G given by the holonomy, we get
s∗u ∈ C∞c (G, s∗(E ⊗ |TF|1/2 ⊗ |TM/TF|1/2)),
and
σ · s∗u ∈ C∞c (G, r∗E ⊗ r∗(|TM |1/2)⊗ s∗(|TF|)).
Integration of the component in s∗(|TF|) over Gx, i.e. with a fixed r(γ) =
x ∈M , gives a well-defined section RE(σ)u of E ⊗ |TM |1/2 on M .
3.3. Von Neumann algebras and noncommutative measure theory.
The initial datum of noncommutative measure theory is a pair (M, φ), con-
sisting of a von Neumann algebra M and a weight φ on M.
Definition 3.21. A von Neumann algebra is an involutive subalgebra of
the algebra L(H) of bounded operators in a Hilbert space H, closed in the
weak operator topology.
Definition 3.22. A weight on a von Neumann algebra M is a function
φ, defined on the set M+ of positive elements of M, with values in R¯+ =
[0.+∞], satisfying the conditions
φ(a+ b) = φ(a) + φ(b), a, b ∈ M+,
φ(αa) = αφ(a), α ∈ R+, a ∈ M+.
A weight on a von Neumann algebra M is called a trace, if
φ(a∗a) = φ(aa∗), a ∈ M+.
Definition 3.23. A weight φ on a von Neumann algebra M is called
(1) faithful, if, for any a ∈M+, the identity φ(a) = 0 implies a = 0;
(2) normal, if, for any bounded increasing net {aα} of elements from
M+ with the least upper bound a, the following identity holds:
φ(a) = sup
α
φ(aα).
(3) semifinite, if the linear span of the set {x ∈ M+ : φ(x) < ∞} is
σ-weakly dense in M.
Every von Neumann algebra has a faithful, normal, semifinite weight.
Example 3.24. The trace functional tr on the von Neumann algebra L(H)
of bounded linear operators in a Hilbert space H is a faithful, normal, semifi-
nite trace.
Example 3.25. If a measure space X is endowed with a σ-finite measure
µ, then elements of L∞(X,µ) considered as multiplication operators in the
Hilbert space L2(X,µ) form a von Neumann algebra. Moreover, the identity
φ(f) =
∫
X
f(x) dµ(x), f ∈ L∞(X,µ),
defines a faithful, normal, semifinite trace on L∞(X,µ).
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The foundations of the noncommutative integration theory for foliations
were laid by Connes in [34]. Let (M,F) be a compact foliated manifold.
Let ρ be a strictly positive continuous transverse density, α a strictly posi-
tive smooth leafwise density, and ν = s∗α the corresponding smooth Haar
system. The measures ρ and α can be combined to construct a measure µ
on M . Finally, the measure µ and the Haar system ν define a measure m
on G: ∫
G
f(γ) dm(γ) =
∫
M
(∫
Gx
f(γ) dνx(γ)
)
dµ(x), f ∈ Cc(G).
In the previous Section we defined the representation Rx of the involutive
algebra C∞c (G) in the Hilbert space L
2(Gx, νx) for any x ∈M . Consider a
representation R of the algebra C∞c (G) in L
2(G,m) =
∫ ⊕
M L
2(Gx, νx) dµ(x)
defined as the direct integral of the representations Rx:
R =
∫ ⊕
M
Rx dµ(x).
Definition 3.26. The von Neumann algebra W ∗(M,F) of the foliation F
is defined as the closure of the image of C∞c (G) under the representation R
in the weak operator topology of L(L2(G,m)).
Since the definition of the von Neumann algebra W ∗(M,F) depends only
on the class of the measure m (i.e. the family of all sets of m-measure zero),
it is easy to see that this definition does not depend on the choice of ρ and
α.
If we assume that the union of all leaves with nontrivial holonomy has
measure zero, elements of W ∗(M,F) can be considered as measurable fam-
ilies {Tl : l ∈M/F}, where Tl is a bounded operator in L2(l) for each leaf l
of F (see more details in [34, 33, 42]).
A holonomy invariant measure µ on M defines a normal semi-finite trace
trµ on the von Neumann algebra W
∗(M,F). For any bounded measurable
function k on G, the value trµ(k) is finite and is given by
trµ (k) =
∫
M
k(x) dµ(x).
The paper [34] gives a description of weights on the von Neumann algebra
W ∗(M,F). As explained in [33], the construction of [34] can be interpreted
as a correspondence between weights on W ∗(M,F) and operator-valued
densities on the leaf space M/F .
Example 3.27. Consider the linear foliation Fθ on the torus T 2, θ ∈ R
is a fixed irrational number. The Lebesgue measure µ = dx dy on T 2 is a
holonomy invariant measure. The value of the corresponding faithful normal
semi-finite trace trµ on k ∈ C∞c (T 2 × R) ⊂W ∗(T 2,Fθ) is given by
trµ (k) =
∫
T 2
k(x, y, 0) dx dy.
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A von Neumann algebra is called a factor if its center consists of operators
of the form λ · I, λ ∈ C.
Theorem 3.28. Let (M,F) be a foliated manifold. A von Neumann algebra
W ∗(M,F) is a factor if and only if the foliation is ergodic, that is, any
bounded measurable function, constant along the leaves of the foliation F , is
constant on M .
It is known that von Neumann algebras are classified in three classes:
type I, II and III. Any von Neumann algebra M is canonically represented
as a direct sum MI ⊕MII ⊕MIII of von Neumann algebras, where MI ,
MII and MIII are von Neumann algebras of type I, II and III accordingly.
Theorem 3.29. Let (M,F) be a foliated manifold. The von Neumann
algebra W ∗(M,F) is of:
(1) type I if and only if the leaf space is isomorphic to the standard Borel
space.
(2) type II if and only if there is a holonomy invariant transverse mea-
sure and the algebra is not of type I.
(3) type III if and only if there is no holonomy invariant transverse
measure.
3.4. C∗-modules and vector bundles. A noncommutative generalization
of the notion of vector bundle (as a topological object) is the notion of
Hilbert C∗-module. Hilbert C∗-modules are also natural generalizations
of Hilbert spaces, which arise if we replace the field of scalars C to an
arbitrary C∗-algebra. The theory of Hilbert C∗-modules appeared in the
papers [145, 157] and has found many applications in the theory of operator
algebras and its applications (see more detailed expositions of basic facts of
this theory in [118, 127, 104, 183]).
Definition 3.30. [145, 157] Let B be a C∗-algebra. A pre-Hilbert B-module
is a right B-moduleX equipped with a sesquilinear map (linear in the second
argument) 〈·, ·〉X : X ×X → B, satisfying the following conditions:
(1) 〈x, x〉X ≥ 0 for any x ∈ X;
(2) 〈x, x〉X = 0 if and only if x = 0;
(3) 〈y, x〉X = 〈x, y〉∗X for any x, y ∈ X;
(4) 〈x, yb〉X = 〈x, y〉Xb for any x, y ∈ X, b ∈ B.
The map 〈·, ·〉X is called a B-valued inner product.
Let X be a pre-Hilbert B-module. It can be shown that the formula
‖x‖X = ‖〈x, x〉X‖1/2 defines a norm on X. If X is complete in the norm
‖ · ‖X , then X is called a Hilbert C∗-module. In a general case, the action
of B and the inner product on X are extended to its completion X˜, making
X˜ into a Hilbert C∗-module.
Example 3.31. If E is a Hermitian vector bundle on a compact manifold
X, then the space of its continuous sections C(X,E) is a Hilbert module
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over the algebra C(X) of continuous functions on X. The action of C(X)
on C(X,E) is given by
(a · s)(x) = a(x)s(x), x ∈ X,
and the inner product
〈s1, s2〉(x) = 〈s1(x), s2(x)〉Ex , x ∈ X.
Definition 3.32. A vector bundle E on a foliated manifold (M,F) is called
holonomy equivariant, if there is given a representation T of the holo-
nomy groupoid G of the foliation F in the fibers of E, that is, for any
γ ∈ G, γ : x → y, there is defined a linear operator T (γ) : Ex → Ey such
that T (γ1γ2) = T (γ1)T (γ2) for any γ1, γ2 ∈ G with r(γ2) = s(γ1).
A Hermitian (resp. Euclidean) vector bundle E on a foliated manifold
(M,F) is called holonomy equivariant, if it is a holonomy equivariant vector
bundle and the representation T is unitary (resp. orthogonal): T (γ−1) =
T (γ)∗ for any γ ∈ G.
For any holonomy equivariant vector bundle E → M , the action of the
groupoid G on E defines a horizontal foliation FE on E of the same dimen-
sion as the foliation F . The leaf of FE through a point v ∈ E consists of all
points of the form T (γ)−1(v) with γ ∈ G, r(γ) = π(v). Thus, any holonomy
equivariant vector bundle is foliated in the sense of [107].
Definition 3.33. A vector bundle p : P → M is called foliated, if there
is a foliation F¯ on P of the same dimension as F such that its leaves are
transversal to the fibers of p and are mapped by p to the leaves of F .
Equivalently, one can say that a foliated vector bundle is a vector bundle
P on M , which has a flat connection in the space C∞(M,P ) defined along
the leaves of F , that is, an operator
∇ : X (F)× C∞(M,P )→ C∞(M,P ),
satisfying, for any f ∈ C∞(M),X ∈ X (F), s ∈ C∞(M,P ), the standard
conditions
∇fX = f∇X , ∇X(fs) = (Xf)s+ f∇Xs,
and also the flatness condition
[∇X ,∇Y ] = ∇[X,Y ], X, Y ∈ X (F).
The parallel transport along leafwise paths associated with the connection ∇
defines an action of the fundamental groupoid of the foliation Π(M,F) in the
fibers of the foliated vector bundle P . In general, the parallel transport may
depend on the holonomy of the corresponding path, therefore, this action
does not necessarily pull down to an action of the holonomy groupoid in
the fibers of P , and, therefore, a foliated vector bundle is not necessarily
holonomy equivariant.
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Let E be a holonomy equivariant vector bundle. The holonomy groupoid
GE of the horizontal foliation FE on E is described as follows (see, for
instance, [100]):
GE = r
∗(E) = {(γ, v) ∈ G× E : r(γ) = π(v)},
(GE)
(0) = E, the source map s : GE → E is given by s(γ, v) = T (γ)−1(v),
the range map r : GE → E by r(γ, v) = v and the composition has the form
(γ, v)(γ′, v′) = (γγ′, v), where v′ = T (γ)−1(v).
Example 3.34. The normal bundle τx = TxM/TxF , x ∈M, is a holonomy
equivariant vector bundle, if it is equipped with the action of the holonomy
groupoid G by the linear holonomy map dhγ : τx → τy, γ : x → y. The
corresponding partial flat connection defined along the leaves of F is the Bott
connection
◦
∇ (cf. (2.1)). The normal bundle τ is a holonomy equivariant
Euclidean vector bundle, if F is a Riemannian foliation.
Example 3.35. The dual example to the previous one is given by the conor-
mal bundle N∗F equipped with the action of the holonomy groupoid G by
the linear holonomy map (dh∗γ)
−1 : N∗xF → N∗yF for γ : x → y. The cor-
responding flat connection defined along the leaves of F is the connection
(
◦
∇)∗, dual to the Bott connection (cf. (2.3)).
The horizontal foliation on N∗F coincides with the linearized foliation
FN (see the symplectic description of this foliation in Example 2.46). The
leaf L˜η of FN through a point η ∈ N∗F consists of all points of the form
dh∗γ(η) with γ ∈ G such that r(γ) = π(η) (cf. also an invariant definition in
[136]).
The holonomy groupoid of the linearized foliation FN , denoted by GFN ,
is described as follows:
GFN = {(γ, η) ∈ G×N∗F : r(γ) = π(η)}
with the source map s : GFN → N∗F , s(γ, η) = dh∗γ(η), the range map
r : GFN → N∗F , r(γ, η) = η and the composition (γ, η)(γ′, η′) = (γγ′, η)
defined in the case when η′ = dh∗γ(η). The projection π : N
∗F → M
induces a map πG : GFN → G by the formula
πG(γ, η) = γ, (γ, η) ∈ GFN .
Let us also note that the canonical relation Γ in T ∗M associated with
N∗F (cf. Example 2.46) is given by the (one-to-one) immersion (r, s) :
GFN → T ∗M × T ∗M.
For any holonomy equivariant vector bundle E on a foliated manifold
(M,F), there is defined a pre-Hilbert C∞c (G)-module E∞. As a linear space,
E∞ coincides with C∞c (G, r∗E). The module structure on E∞ is introduced
in the following way: the action of f ∈ C∞c (G) on s ∈ E∞ is given by
(s ∗ f)(γ) =
∫
Gy
s(γ′)f(γ′
−1
γ)dνy(γ′), γ ∈ Gy,
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and the inner product on E∞ with values in C∞c (G) is given by
〈s1, s2〉(γ) =
∫
Gy
〈s1(γ′−1), s2(γ′−1γ)〉Es(γ′)dνy(γ′), s1, s2 ∈ E∞.
The completion of E∞ in the norm ‖s‖ = ‖R(〈s, s〉)‖1/2 defines a C∗-Hilbert
module over C∗r (G), that we denote by E . It is equipped with a C∗r (G)-
sesquilinear form 〈·, ·〉 with values in C∗r (G), which is the extension by con-
tinuity of the sesquilinear form on E∞. The C∗-Hilbert module E can be
considered as a noncommutative analogue of the algebra of continuous sec-
tions of the bundle E considered as a bundle on the leaf space M/F .
There is also a left action of C∞c (G) on E∞ given by
(3.4) (f ∗ s)(γ) =
∫
Gy
f(γ′)T (γ′)[s(γ′
−1
γ)]dνy(γ′), γ ∈ Gy,
where f ∈ C∞c (G) and s ∈ E∞. Unlike the right action, the left action
does not extend to an action of C∗r (G) by bounded endomorphisms of the
C∗-Hilbert module E over C∗r (G). As shown in [42] (see also [38]), for any
f ∈ C∞c (G) the formula (3.4) defines an endomorphism λ(f) of the C∗-
Hilbert module E with the adjoint, given by
(λ(f)∗s)(γ) =
∫
Gy
f ♯(γ′)T (γ′)[s(γ′
−1
γ)]dνy(γ′), γ ∈ Gy,
where f ♯(γ) = f¯(γ−1)∆(γ) and ∆(γ) : Er(γ) → Er(γ) is the linear operator
given by
∆(γ) = (T (γ)−1)∗T (γ)−1.
Thus, if the Hermitian structure on E is not holonomy invariant, the repre-
sentation λ is unbounded with respect to the C∗-norm on C∗r (G). Neverthe-
less, it can be shown that the homomorphism λ is a densely defined closable
homomorphism of C∗-algebras. Hence, the domain of the closure λ¯ of the
homomorphism λ endowed with the graph norm ‖x‖λ = ‖x‖ + ‖λ(x)‖ is a
Banach algebra B, dense in the C∗-algebra C∗r (G). Thus, the C
∗-Hilbert
module E is a B-C∗r (G)-bimodule.
In particular, if we take E to be the holonomy equivariant bundle
∧j N∗F ,
we get the C∗-Hilbert module of transverse differential j-forms Ωj over
the C∗-algebra C∗r (G) as the completion of the pre-Hilbert C
∞
c (G, |TG|1/2)-
module Ωj∞ = C∞c (G, r
∗
∧j N∗F⊗|TG|1/2). There is a product Ωj∞×Ωk∞ ∧→
Ωj+k∞ , compatible with the bimodule structure:
(3.5) (ω ∧ ω1)(γ) =
∫
Gy
ω(γ1) ∧ γ1ω1(γ−11 γ), ω ∈ Ωj∞, ω1 ∈ Ωk∞.
For any holonomy equivariant vector bundle E on a foliated manifold
(M,F), there is defined a natural representation of C∞c (G) in the space
C∞(M,E) of its smooth sections over M . It is obtained as the restriction
of the representation RE of the algebra C
∞
c (G,L(E)) to C∞c (G), which is
embedded in C∞c (G,L(E)) by means of the homomorphism k ∈ C∞c (G) 7→
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kT ∈ C∞c (G,L(E)). If {νx : x ∈ G(0)} is a smooth Haar system on G, then
this representation, which we will also denote by RE , is defined as follows.
For any u ∈ C∞(M,E), the section RE(k)u ∈ C∞(M,E) is given by
(3.6) RE(k)u(x) =
∫
Gx
k(γ)T (γ)[u(s(γ))] dνx(γ), x ∈M.
If E is a holonomy equivariant Hermitian vector bundle on M , then RE
is a ∗-representation. In this case, we define a C∗-algebra C∗E(G) as the
closure of RE(C
∞
c (G)) in the uniform topology of L(L2(M,E)).
By Theorem 2.1 in [68], there is an estimate
(3.7) ‖k‖C∗r (G,E) ≤ ‖RE(k)‖, k ∈ C∞c (G,L(E)),
therefore, the reduced C∗-algebra C∗r (G,E) is the quotient of the algebra
C∗E(G), and there is a natural projection π : C
∗
E(G)→ C∗r (G,E).
4. Noncommutative topology
4.1. K-theory and K-homology. One of the main tools for the investi-
gation of topological spaces is the topological K-theory (see [1, 108, 132]).
Recall that the group K0(X) associated with a compact topological space X
is generated by stable equivalence classes of locally trivial finite-dimensional
complex vector bundles on X. Equivalently, elements of K0(X) are de-
scribed as stable isomorphism classes of finitely generated projective mod-
ules over the algebra C(X) or as equivalence classes of projections in the
matrix algebra over C(X) (see below).
In this Section, we briefly recall the definition of the K-theory for C∗-
algebras, the noncommutative analogue of the topological K-theory, and
also the definition of the K-homology groups (see, for instance, [19, 42, 98,
108, 160, 183] for further information).
Let A be a unital C∗-algebra. Denote by Mn(A) the algebra of n × n-
matrices with elements from A. We will assume that Mn(A) is embedded
into Mn+1(A) by the map X →
(
X 0
0 0
)
. Let M∞(A) = lim
→
Mn(A).
The group K0(A) is defined as the set of homotopy equivalence classes of
projections (p2 = p = p∗) inM∞(A) equipped with the direct sum operation
p1 ⊕ p2 =
(
p1 0
0 p2
)
.
Denote by GLn(A) the group of invertible n × n-matrices with elements
from A. We will assume that GLn(A) is embedded into GLn+1(A) by the
map X →
(
X 0
0 1
)
. Let GL∞(A) = lim
→
GLn(A). The group K1(A) is
defined as the set of homotopy equivalence classes of unitary matrices (u∗u =
uu∗ = 1) in GL∞(A), equipped with the direct sum operation.
If A has no unit and A+ is the algebra, obtained by adding the unit to the
algebra A, then we have the homomorphism i : C→ A+ : λ 7→ λ ·1, inducing
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a homomorphism i∗ : K0(C)→ K0(A+), and K0(A) is defined as the kernel
of this homomorphism. Moreover, by definition, K1(A) = K1(A
+).
For an arbitrary algebra A over C, there are defined the groups K0(A)
and K1(A) of the algebraic K-theory (see, for instance, [7, 130]). The group
K0(A) is defined similarly to the group K0(A) of the topological K-theory,
using idempotents (e2 = e) in M∞(A) instead of projections. The group
K1(A) is defined as the quotient of the group GL∞(A) by the commutant
[GL∞(A), GL∞(A)].
The construction of the K-homology for noncommutative algebras is
based on the notion of Fredholm module. This notion is a functional-analytic
abstraction of the notion of elliptic pseudodifferential operator on a compact
manifold. The idea that abstract elliptic operators can be naturally consid-
ered as elements of the K-homology groups, suggested by Atiyah [2], was
realized by Kasparov (see [110]).
Recall that a Hilbert space H is called Z2-graded, if there is given its
decomposition into a direct sum of Hilbert subspaces H = H0⊕H1. Equiv-
alently, a Z2-grading on H is defined by a self-adjoint operator γ ∈ L(H)
such that γ2 = 1. Given the decomposition H = H+ ⊕H−, the operator γ
has the matrix
(
1 0
0 −1
)
.
Definition 4.1. A Fredholm module (or a K-cycle) over a C∗-algebra A is
a pair (H,F ), where
(1) H is a Hilbert space, equipped with a ∗-representation ρ of the al-
gebra A;
(2) F is a bounded operator in H such that, for any a ∈ A, the operators
(F 2 − 1)ρ(a), (F − F ∗)ρ(a) and [F, ρ(a)] are compact in H.
A Fredholm module (H,F ) is called even, if the Hilbert space H is endowed
with a Z2-grading γ, the operators ρ(a) are even, γρ(a) = ρ(a)γ, and the
operator F is odd, γF = −Fγ. In the opposite case, it is called odd.
Recall that, for any p ≥ 1, the Schatten class Lp(H) consists of all compact
operators T in a Hilbert space H such that the operator |T |p is a trace
class operator. Let µ1(T ) ≥ µ2(T ) ≥ . . . be the characteristic numbers
(s-numbers) of a compact operator T in H, that is, the eigenvalues of the
operator |T | = √T ∗T , taken with multiplicities. Then
T ∈ Lp(H)⇔ tr |T |p =
∞∑
n=1
|µn(T )|p <∞.
Definition 4.2. A Fredholm module (H,F ) is called p-summable, if (F 2 −
1)ρ(a), (F − F ∗)ρ(a) and [F, ρ(a)] belong to Lp(H).
The homology groups K0(A) (K1(A)) are defined as the sets of homotopy
equivalence classes of even (resp. odd) Fredholm modules over A. The
direct sum operation defines the structure of an abelian group on K0(A)
and K1(A).
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Example 4.3 ([39]). Let M be a compact manifold, E a Hermitian vector
bundle on M . Then the pair (H,F ), where:
• H = L2(M,E);
• F ∈ Ψ0(M,E) is an elliptic operator with the principal symbol σF
such that σ2F = 1, σ
∗
F = σF (for instance, one can take an operator
of the form D(1 + D2)−1/2 with some self-adjoint elliptic operator
D ∈ Ψm(M,E),m > 0)
is a Fredholm module over C∞(M).
Example 4.4 ([39]). Let (M,F) be a compact foliated manifold, E a ho-
lonomy equivariant Hermitian vector bundle on M . Then the pair (H,F ),
where:
• H = L2(M,E);
• F ∈ Ψ0(M,E) is a transversally elliptic operator with the holonomy
invariant (see Definition 7.7) transversal principal symbol σF such
that σ2F = 1, σ
∗
F = σF .
is a Fredholm module over C∞c (G).
A Fredholm module (H,F ) defines an index map ind : K∗(A)→ Z.
In the even case, with respect to the decomposition H = H+⊕H− given
by the Z2-grading of H, the operator F takes the form
(4.1) F =
(
0 F−
F+ 0
)
, F± : H
∓ → H±.
For any projection e ∈Mq(A), the operator e(F+⊗1)e, acting from e(H+⊗
Cq) to e(H− ⊗ Cq), is Fredholm, its index depends only on the homotopy
class of e. Therefore, a map ind : K0(A)→ Z is defined as
(4.2) ind[e] = ind e(F+ ⊗ 1)e.
In the odd case, for a unitary matrix U ∈ GLq(A), the operator (P ⊗
1)U(P ⊗ 1), where P = 1+F2 , is a Fredholm operator. Moreover, the index
of the operator (P ⊗ 1)U(P ⊗ 1) depends only on the homotopy class of U .
Therefore, the map ind : K1(A)→ Z is given by
(4.3) ind[U ] = ind(P ⊗ 1)U(P ⊗ 1).
In both cases, both in the even one, and in the odd one, the map ind
depends only on the class defined by the Fredholm module (H,F ) in the
K-homology group.
Computation of the K-theory for the C∗-algebra of a foliation is not an
easy problem. In the case of the linear foliation on T 2, the computation
of the K-theory of the C∗-algebra of the foliation can be reduced to the
computation of the K-theory of the C∗-algebra Aθ (see Example 4.10) and
was given in [150]. For arbitrary foliations on T 2 and S3, the computation
of the K-theory of the C∗-algebra of the foliation was done in [178].
In [8] (see also [55]) a geometrical construction of elements of the group
K(C∗(M,F)) was suggested. For any topological groupoid C, one can define
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the classifying space BC, which is constructed, using a modification of the
classical Milnor’s construction of the classifying space of a group [89, 129]. In
particular, the classifying space BG of the holonomy groupoid of a foliation
is defined (see [37, Chapter 9]). The normal bundle τ on M defines a vector
bundle on BG, which is also denoted by τ . The geometric group K∗,τ (BG)
is defined as the relative K-theory group
K∗,τ (BG) = K∗(B(τ), S(τ)),
where B(τ) is the unit ball subbundle of the bundle τ and S(τ) is the unit
sphere bundle.
In [8] (cf. also [55]), a map (the topological index)
µ : K∗,τ (BG)→ K(C∗(M,F))
was constructed by means of topological constructions. The Baum-Connes
conjecture claims that µ is an isomorphism. We refer the reader to the papers
[93, 124, 125, 142, 143, 170, 171, 172, 178, 182, 181] for various aspects of
the Baum-Connes conjecture for foliations and related computations of the
K-theory for C∗-algebras of foliations.
4.2. Strong Morita equivalence. The notion of isometric ∗-isomorphism
between C∗-algebras is a natural analogue of the notion of homeomorphism
of topological spaces. However, there is a wider equivalence relation for C∗-
algebras, strong Morita equivalence, introduced by Rieffel [157, 159], which
preserves many invariants of C∗-algebras, for instance, the K-theory, the
space of irreducible representations, the cyclic cohomology, and coincides
with the isomorphism on the class of commutative C∗-algebras. The iso-
metric ∗-isomorphism of C∗-algebras of foliations is related with the isomor-
phism of the corresponding holonomy groupoids, while their strong Morita
equivalence is related with the isomorphism of the corresponding leaf spaces.
Therefore, in many respects the notion of strong Morita equivalence is a more
adequate notion for the study of transverse geometric structures on foliated
manifolds.
Definition 4.5. Let A and B be C∗-algebras. An A-B-equivalence bi-
module is an A-B-bimodule X, endowed with A-valued and B-valued inner
products 〈·, ·〉A and 〈·, ·〉B accordingly, such that X is a right Hilbert B-
module and a left Hilbert A-module with respect to these inner products,
and, moreover,
(1) 〈x, y〉Az = x〈y, z〉B for any x, y, z ∈ X;
(2) The set 〈X,X〉A generates a dense subset in A, and the set 〈X,X〉B
generates a dense subset in B.
We call algebras A and B strongly Morita equivalent, if there is an A-B-
equivalence bimodule.
It is not difficult to show that the strong Morita equivalence is an equiv-
alence relation.
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For any linear space L, denote by L˜ the conjugate complex linear space,
which coincides with L as a set and has the same addition operation, but
the multiplication by scalars is given by the formula λx˜ = (λ¯x)∼. If X is
an A-B-equivalence bimodule, then X˜ is endowed with the structure of a
B-A-equivalence bimodule. For instance, bx˜a = (a∗xb∗)∼.
Theorem 4.6. [157] Let X be an A-B-equivalence bimodule. Then the map
E → X⊗BE defines an equivalence of the category of Hermitian B-modules
and the category of Hermitian A-module with the inverse, given by the map
F → F ⊗B X˜.
In particular, Theorem 4.6 implies that two commutative C∗-algebras are
strongly Morita equivalent if and only if they are isomorphic.
The following theorem relates the notion of strong Morita equivalence
with the notion of stable equivalence.
Theorem 4.7. [26] Let A and B are C∗-algebras with countable approximate
units. Then these algebras are strongly Morita equivalent if and only if they
are stably equivalent, i.e. A ⊗ K ∼= A ⊗ K, where K denotes the algebra of
compact operators in a separable Hilbert space.
Example 4.8. If F is a simple foliation given by a bundle M → B, then
the C∗-algebra C∗(M,F) is strongly Morita equivalent to the C∗-algebra
C0(B).
Example 4.9. Consider a compact foliated manifold (M,F). As usual, let
G denote the holonomy groupoid of F . For any subsets A,B ⊂M , denote
GAB = {γ ∈ G : r(γ) ∈ A, s(γ) ∈ B}.
In particular,
GMT = {γ ∈ G : s(γ) ∈ T}.
If T is a transversal, then GTT is a submanifold and a subgroupoid in G. Let
C∗r (G
T
T ) be the reduced C
∗-algebra of this groupoid. As shown in [99], if T
is a complete transversal, then the algebras C∗r (G) and C
∗
r (G
T
T ) are strongly
Morita equivalent. In particular, this implies that
C∗r (G)
∼= K⊗ C∗r (GTT ).
Example 4.10. Consider the linear foliation Fθ on the two-dimensional
torus T 2, where θ ∈ R is a fixed irrational number. If we choose the transver-
sal T given by the equation y = 0, then the leaf space of the foliation Fθ
is identified with the orbit space of the Z-action on the circle S1 = R/Z
generated by the rotation
Rθ(x) = x+ θ mod 1, x ∈ S1.
Elements of the algebra C∞c (G
T
T ) are determined by matrices a(i, j), where
the indices (i, j) are arbitrary pairs of elements i and j of T , lying on the
same leaf of F , that is, on the same orbit of the Z-action Rθ. Since in this
case the leafwise equivalence relation on the transversal is given by a free
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group action, the algebra C∗(GTT ) = Aθ coincides with the crossed product
C(S1)⋊Z of the algebra C(S1) by the group Z with respect to the Z-action
Rθ on C(S
1). Therefore (cf. Example 3.18), every element of Aθ is given by
a power series
a =
∑
n∈Z
anU
n, an ∈ C(S1),
the multiplication is given by
(aUn)(bUm) = a(b ◦R−1nθ )Un+m
and the involution by
(aUn)∗ = a¯U−n.
The algebra C(S1) is generated by the function V on S1 defined as
V (x) = e2πix, x ∈ S1.
Hence, the algebra Aθ is generated by two elements U and V , satisfying the
relation
V U = λUV, λ = e2πiθ.
Thus, for example, a general element of C∞c (G
T
T ) can be represented as a
power series
a =
∑
(n,m)∈Z2
anmU
nV m,
where anm ∈ S(Z2) is a rapidly decreasing sequence (that is, for any natural
k we have sup(n,m)∈Z2(|n|+ |m|)k|anm| <∞).
Since, in the commutative case (θ = 0), the above description defines the
algebra of smooth functions on the two-dimensional torus, the algebra Aθ is
called the algebra of continuous functions on a noncommutative torus T 2θ ,
C∞c (G
T
T ) = C
∞(T 2θ ), Aθ = C(T
2
θ ). The algebra Aθ was introduced in the
paper [158] (see also [35]) and has found many applications in mathematics
and physics (cf., for instance, a survey [112]).
The C∗-algebra C∗r (G) of the linear foliation on T
2 is strongly Morita
equivalent to Aθ (cf. Example 4.9).
An important property of the groupoid GTT associated with a complete
transversal T is that it is an etale groupoid (cf. [59]).
Definition 4.11. A smooth groupoid G is called etale, if its source map
s : G→ G(0) is a local diffeomorphism.
One can introduce an equivalence relation for groupoids, similar to the
strong Morita equivalence relation for C∗-algebras [92, 140] (cf. also [59]).
Informally speaking, two groupoids are equivalent, if they have the same
orbit spaces and, therefore, the same transverse geometry. It is proved in
[140] that, if groupoidsG andH are equivalent, then its reduced C∗-algebras
are strongly Morita equivalent.
By [59], a smooth groupoid is equivalent to an etale one if and only if all its
isotropy groups Gxx are discrete. In the latter case, such a groupoid is called
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a foliation groupoid. Examples of groupoids with these property are given
by the holonomy groupoid G(M,F) and the fundamental groupoid Π(M,F)
of a foliation (M,F). The holonomy map defines a groupoid morphism
hol : Π(M,F)→ G(M,F),
which is identical on G(0) =M (a morphism over M).
Any foliation groupoid G defines a foliation F on G(0) = M . G is said
to be an integration of F . The next theorem provides a precise formulation
of a well-known principle, which says that the holonomy groupoid G(M,F)
and the fundamental groupoid Π(M,F) of a foliation (M,F) are extreme
examples of groupoids, integrating F .
A groupoid G is said to be s-connected, if its s-fibers Gx are connected.
Theorem 4.12. [59] Let (M,F) be a foliated manifold. For any s-connected
groupoid G, integrating F , there is a natural representation of the holonomy
morphism hol as the composition of morphisms hG, holG over M
hol : Π(M,F) hG−→ G holG−→ G(M,F).
The maps hG and holG are surjective local diffeomorphisms. Finally, G is
s-simply connected (i.e. has simply connected s-fibers Gx) if and only if the
morphism hG is an isomorphism.
5. Noncommutative differential topology
5.1. Cyclic cohomology. In this Section, we give the definition of the
cyclic cohomology, playing the role of a noncommutative analogue of the de
Rham homology of topological spaces (concerning to cyclic cohomology, see
the books [25, 42, 109, 123] and the bibliography therein). In the commuta-
tive case, the definition of the de Rham cohomology requires an additional
structure on a topological space in question, for instance, the structure of
a smooth manifold. In the noncommutative case, this shows up in the fact
that cyclic cocycles are usually defined not on the C∗-algebra, an analogue of
the algebra of continuous functions on the corresponding geometrical object,
but on some subalgebra, consisting of “smooth” functions. We postpone the
consideration of a noncommutative analogue of the notion of the algebra of
smooth functions on a smooth manifold, the notion of smooth algebra, till
the next Section, and now we turn to the definition of the cyclic cohomology
for an arbitrary algebra.
Let A be an algebra over C. Consider the complex (C∗(A,A∗), b), where:
• Ck(A,A∗) is the space of (k + 1)-linear forms on A, k ∈ N;
• For ψ ∈ Ck(A,A∗), its coboundary bψ ∈ Ck+1(A,A∗) is given by
bψ(a0, · · · , ak+1) =
∑
(−1)jψ(a0, · · · , ajaj+1, · · · , ak+1)
+ (−1)k+1ψ(ak+1a0, · · · , ak), a0, a1, . . . , ak+1 ∈ A.
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The cohomology of this complex is called the Hochschild cohomology of the
algebra A with coefficients in the bimodule A∗ and are denoted by HH(A).
Let Ckλ(A) be the subspace of Ck(A,A∗), which consists of all ψ ∈
Ck(A,A∗), satisfying the cyclicity condition
(5.1) ψ(a1, · · · , ak, a0) = (−1)kψ(a0, a1, · · · , ak), a0, a1, . . . , ak ∈ A.
The differential b takes Ckλ(A) to Ck+1λ (A), and the cyclic cohomology
HC∗(A) of the algebra A is defined as the cohomology of the complex
(C∗λ(A), b).
Example 5.1. For k = 0, HC0(A) is the linear space of all trace functionals
on A. By this reason, cyclic k-cocycles on A are called k-traces on A (for
k > 0, higher traces).
Example 5.2. For A = C, HCn(C) = 0, if n is odd, and HCn(C) = C, if
n is even. A nontrivial cocycle φ ∈ Cnλ (C) is given by
φ(a0, a1, · · · , an) = a0a1 · · · an, a0, a1, · · · , an ∈ C.
Equivalently, the cyclic cohomology can be described, using a (b,B)-
bicomplex. Define an operator B : Ck(A,A∗)→ Ck−1(A,A∗) as
B = AB0,
where, for any a0, a1, . . . , ak−1 ∈ A,
Aψ(a0, · · · , ak−1) =
k−1∑
j=0
(−1)(k−1)jψ(aj , aj+1 . . . , ak−1, a0, a1, . . . , aj−1),
B0ψ(a
0, . . . , ak−1) = ψ(1, a0, . . . , ak−1)− (−1)kψ(a0, . . . , ak−1, 1).
One has that B2 = 0, bB = −Bb.
Consider the following double complex:
Cn,m = Cn−m(A,A∗), n,m ∈ Z,
with the differentials d1 : C
n,m → Cn+1,m and d2 : Cn,m → Cn,m+1 given by
d1ψ = (n−m+ 1)bψ, d2ψ = 1
n−mBψ, ψ ∈ C
n,m.
For any q ∈ N, consider the complex (F qC, d), where
(F qC)p =
⊕
m≥q,
n+m=p
Cn,m, p ∈ N, d = d1 + d2.
Then one has an isomorphism
HCn(A) ∼= Hp(F qC), n = p− 2q.
More precisely, this isomorphism associates to any ψ ∈ HCn(A) a cocycle
φ ∈ Hp(F qC) for some p and q with n = p− 2q, which has the only nonzero
component
φp,q = (−1)[n/2]ψ.
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In particular, any cocycle in the complex F qC is cohomologic to a cocycle
of the form described above.
One can also the periodic cyclic cohomology HP ev(A) and HP odd(A) by
taking the inductive limit of the groups HCk(A), k ≥ 0, with respect to the
periodicity operator S : HCk(A) → HCk+2(A) given as the cup product
with the generator inHC2(C). In terms of the (b,B)-bicomplex, the periodic
cyclic cohomology is described as the cohomology of the complex
Cev(A) b+B−→ Codd(A) b+B−→ Cev(A),
where
Cev/odd(A) =
⊕
k even/odd
Ck(A).
Example 5.3. Let A be the algebra C∞(M) of smooth functions on an
n-dimensional compact manifold M and let Dk(M) denote the space of
k-dimensional de Rham currents on M . Any C ∈ Dk(M) determines a
Hochschild cochain on C∞(M) as
(5.2) ψC(f
0, f1, . . . , fk) = 〈C, f0df1∧. . .∧dfk〉, f0, f1, . . . , fk ∈ C∞(M).
This cochain satisfies the condition BψC = kψdtC , where d
t is the de Rham
boundary for currents. Thus, the map
(5.3) Dev/odd(M) ∋ C = (Ck) −→ ϕC = (
1
k!
ψCk) ∈ Cev/odd(C∞(M))
induces a homomorphism from the de Rham homology groups Hev/odd(M)
to the cyclic periodic cohomology groups HP ev/odd(C∞(M)). This homo-
morphism is an isomorphism, if we restrict ourselves by the cohomology of
continuous cyclic cochains [42].
Example 5.4. Another important example of cyclic cocycles is given by
normalized cocycles on a discrete group Γ. Recall (cf, for instance, [82])
that a (homogeneous) k-cocycle on Γ is a map h : Γk+1 → C, satisfying the
identities
h(γγ0, . . . , γγk) = h(γ0, . . . , γk), γ, γ0, . . . , γk ∈ Γ;
k+1∑
i=0
(−1)ih(γ0, . . . , γi−1, γi+1, . . . , γk+1) = 0, γ0, . . . , γk+1 ∈ Γ.
One can associate to any homogeneous k-cocycle h a (nonhomogeneous)
k-cocycle c ∈ Zk(Γ,C) by the formula
c(γ1, . . . , γk) = h(e, γ1, γ1γ2, . . . , γ1 . . . γk).
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It can be easily checked that c satisfies the following condition
c(γ1, γ2, . . . , γk) +
k−1∑
i=0
(−1)i+1c(γ0, . . . , γi−1, γiγi+1, γi+2, . . . , γk)
+ (−1)k+1c(γ0, γ1, . . . , γk−1) = 0.
A cocycle c ∈ Zk(Γ,C) is said to be normalized (in the sense of Connes),
if c(γ1, γ2, . . . , γk) equals zero in the case when, either γi = e for some i, or
γ1 . . . γk = e.
The group ring CΓ consists of all functions f : Γ→ C with finite support.
The multiplication in CΓ is given by the convolution operation
f1 ∗ f2(γ) =
∑
γ1γ2=γ
f1(γ1)f2(γ2), γ ∈ Γ.
A normalized cocycle c ∈ Zk(Γ,C) determines a cyclic k-cocycle τc on CΓ
by the formula
τc(f0, . . . , fk) =
∑
γ0...γk=e
f0(γ0) . . . fk(γk)c(γ1, . . . , γk),
where fj ∈ CΓ for j = 0, 1, . . . k.
In the commutative case, the K-theory and the cohomology of a compact
topological space M are related by the Chern character
ch : K∗(M)→ H∗(M,R),
which provides an isomorphism K∗(M)⊗Q→ H∗(M,Q) (cf., for instance,
[132]).
If M is a smooth manifold, then there is an explicit construction of the
Chern character (the Chern-Weil construction, cf., for instance, [131, 111]),
that makes use of differential forms, currents, connections and curvature.
More precisely, if E is a smooth vector bundle on M , then the Chern char-
acter ch(E) ∈ Hev(M,R) of the corresponding class [E] in K0(M) is repre-
sented by the closed differential form
ch(E) = Tr exp
(∇2
2πi
)
for any connection ∇ : C∞(M,E)→ C∞(M,E ⊗T ∗X) in the bundle E. In
the odd case (see [9, 72]), if U ∈ C∞(M,UN (C)), then the Chern character
ch(U) ∈ Hodd(M,R) of the corresponding class [U ] in K1(M) is given by
the cohomology class of the differential form
ch(U) =
+∞∑
k=0
(−1)k k!
(2k + 1)!
Tr (U−1dU)2k+1.
Any closed de Rham current C ∈ Dk(M) defines, for an even k, a map
φC : K
0(M)→ C by the formula
(5.4) 〈φC , E〉 = 〈C, ch(E)〉, E ∈ K0(M),
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and, for an odd k. a map φC : K
1(M)→ C by the formula
(5.5) 〈[φC ], [U ]〉 = 1√
2iπ
〈C, ch(U)〉, U ∈ C∞(M,UN (C)).
The noncommutative analogue of the Chern-Weil construction consists in
the construction of a pairing between HC∗(A) and K∗(A) for an arbitrary
algebra A, generalizing the maps (5.4) and (5.5).
The pairing between HCev(A) and K0(A) is defined as follows. For any
cocycle ϕ = (ϕ2k) in C
ev(A) and for any projection e in Mq(A) put
(5.6) 〈[ϕ], [e]〉 =
∑
k≥0
(−1)k (2k)!
k!
ϕ2k#Tr (e− 1
2
, e, · · · , e),
where ϕ2k#Tr is the (2k+1)-linear map on Mq(A) =Mq(C)⊗A, given by
(5.7) ϕ2k#Tr (µ
0 ⊗ a0, · · · , µ2k ⊗ a2k) = Tr (µ0 . . . µ2k)ϕ2k(a0, · · · , a2k),
for any µj ∈Mq(C) and aj ∈ A.
The pairing between HCodd(A) and K1(A) is given by
(5.8)
〈[ϕ], [U ]〉 = 1√
2iπ
∑
k≥0
(−1)kk!ϕ2k+1#Tr (U−1−1, U −1, · · · , U−1−1, U −1),
where ϕ = (ϕ2k+1) ∈ Codd(A) and U is a unitary matrix in GLq(A).
Now consider a p-summable Fredholm module (H,F ) over an algebra
A. The index maps (4.2) and (4.3) are computed in terms of the pairing
of K∗(A) with some cyclic cohomology class τ = ch∗(H,F ) ∈ HCn(A),
called the Chern character of the Fredholm module (H,F ). First of all,
any Fredholm module can be replaced by an equivalent one, where one has
F 2 = 1. Under this condition, in the odd case, τ is given by
(5.9) τ(a0, a1, . . . , an) = λntr (a
0[F, a1] . . . [F, an]), a0, a1, . . . , an ∈ A,
where n is odd, n > p, λn are some constants, depending only on n.
In the even case, τ is given by
(5.10) τ(a0, a1, . . . , an) = λntr (γa
0[F, a1] . . . [F, an]), a0, a1, . . . , an ∈ A,
where n is even, n > p, γ is the Z2-grading in the space H, λn are some
constants, depending only on n.
5.2. Smooth algebras. In this Section, we give general facts about smooth
subalgebras of C∗-algebras, being noncommutative analogues of the algebra
of smooth functions on a smooth manifold. Suppose that A is a C∗-algebra
and A+ is the algebra obtained by adjoining the unit to A. Suppose that
A is a ∗-subalgebra of the algebra A and A+ is the algebra obtained by
adjoining the unit to A
Definition 5.5. We say that A is a smooth subalgebra of the algebra A, if
the following conditions hold:
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(1) A is a dense ∗-subalgebra of the C∗-algebra A;
(2) A is stable under the holomorphic functional calculus, that is, for
any a ∈ A+ and for any function f , holomorphic in a neighborhood
of the spectrum of a (considered as an element of the algebra A+)
f(a) ∈ A+.
Suppose that A is a dense ∗-subalgebra of the algebra A, endowed with
the structure of a Fre´chet algebra whose topology is finer than the topology
induced by the topology of A. A necessary and sufficient condition for A0 to
be a smooth subalgebra is given by the spectral invariance (cf. [166, Lemma
1.2]):
• A+ ∩ GL(A+) = GL(A+), where GL(A+) and GL(A+) denote the
group of invertibles in A+ and A+ respectively.
This fact remains true in the case when A is a locally multiplicatively
convex (i.e its topology is given by a countable family of submultiplicative
seminorms) Fre´chet algebra such that the group GL(A˜) of invertibles is open
[166, Lemma 1.2].
One of the most important properties of smooth subalgebras consists in
the following fact — an analogue of smoothing in the operator K-theory (cf.
[36, Sect. VI.3], [21]).
Theorem 5.6. If A is a smooth subalgebra in a C∗-algebra A, then inclusion
A →֒ A induces an isomorphism in K-theory K(A) ∼= K(A).
For any p-summable Fredholm module (H,F ) over an algebra A, the al-
gebra, which consists of all operators T in the uniform closure A¯ of A in
L(H), satisfying the condition [F, T ] ∈ Lp(H), is a smooth subalgebra of the
C∗-algebra A¯. Similarly, every spectral triple (A,H,D) — a noncommuta-
tive analogue of the Riemannian structure (cf. Section 6.2) defines a smooth
subalgebra of the C∗-algebra A¯ (see Section 8.1). However, in many cases
the construction of an appropriate smooth algebra is nontrivial and makes
use of specific properties of the problem in question.
5.3. Transverse differential. Let (M,F) be a foliated manifold, H an ar-
bitrary distribution on M , transverse to F = TF . In this Section, following
the exposition of [42, 165], we define the transverse differentiation, which is
a linear map
dH : Ω
0
∞ = C
∞
c (G, |TG|1/2)→ Ω1∞ = C∞c (G, r∗N∗F ⊗ |TG|1/2),
satisfying the condition
dH(k1 ∗ k2) = dHk1 ∗ k2 + k1 ∗ dHk2, k1, k2 ∈ C∞c (G, |TG|1/2).
The differentiation dH depends on the choice of a horizontal distribution H.
For any f ∈ C∞c (G), define dHf ∈ C∞c (G, r∗N∗F) by
dHf(X) = df(X̂), X ∈ (r∗τ)γ ∼= Hy, γ : x→ y,
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where X̂ ∈ HγG ⊂ TγG is a unique vector such that ds(X̂) = dh−1γ (X) and
dr(X̂) = X.
For an arbitrary smooth leafwise density λ ∈ C∞c (M, |TF|) define a 1-
form k(λ) ∈ C∞(M,H∗) ∼= C∞(M,N∗F) as follows. Take an arbitrary
point m ∈M . In a foliated chart φ : U → Ip× Iq defined in a neighborhood
of m (φ(m) = (x0, y0)), λ can be written as λ = f(x, y)|dx|, (x, y) ∈ Ip× Iq.
Then
k(λ) = dHf +
p∑
i=1
L ∂
∂xi
dHxi,
where, for any X =
∑p
i=1X
i ∂
∂xi
∈ X (F) and for any ω = ∑qj=1 ωj dyj ∈
C∞(M,H∗), the Lie derivative LXω ∈ C∞(M,H∗) is given by
LXω =
p∑
i=1
q∑
j=1
Xi
∂ωj
∂xi
dyj .
One can give a slightly different description of k(λ). For any X ∈ Hm, let
X˜ be an arbitrary projectable vector field, that coincides with X at m:
X˜(x, y) =
p∑
i=1
Xi(x, y)
∂
∂xi
+
q∑
j=1
Y j(y)
∂
∂yj
.
Put
k(λ)(X) =
p∑
i=1
Xi(x0, y0)
∂f
∂xi
(x0, y0) +
q∑
j=1
Y j(y0)
∂f
∂xj
(x0, y0)
+
p∑
i=1
∂Xi
∂xi
(x0, y0)f(x0, y0).
It can be checked that this definition is independent of the choice of a foliated
chart φ : U → Ip × Iq and an extension X˜ .
IfM is Riemannian, λ is given by the induced leafwise Riemannian volume
form and H = F⊥, then k(λ) coincides with the mean curvature 1-form of
F (cf., for instance, [177]).
In Section 2.7, we have defined the transversal de Rham differential dH ,
acting from C∞c (M,
∧j N∗F) to C∞c (M,∧j+1N∗F). The transverse dis-
tribution H naturally defines a transverse distribution HG ∼= r∗H on the
foliated manifold (G,G) (cf. Section 3.1) and the corresponding transversal
de Rham differential dH : C
∞
c (G)→ C∞c (G, r∗N∗F) (see (2.5)).
An arbitrary leafwise half-density ρ ∈ C∞(M, |TF|1/2) can be written
as ρ = f |λ|1/2 with f ∈ C∞(M) and λ ∈ C∞(M, |TF|). Then dHρ ∈
C∞c (M,N
∗F ⊗ |TF|1/2) is defined as
dHρ = (dHf)|λ|1/2 + 1
2
f |λ|1/2k(λ).
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Any f ∈ C∞c (G, |TG|1/2) can be written as f = us∗(ρ)r∗(ρ), where u ∈
C∞c (G) and ρ ∈ C∞c (M, |TF|1/2). The element dHf ∈ C∞c (G, r∗N∗F ⊗
|TG|1/2) is defined as
dHf = dHus
∗(ρ)r∗(ρ) + us∗(dHρ)r
∗(ρ) + us∗(ρ)r∗(dHρ).
Finally, the operator dH has a unique extension to a differentiation of the
differential graded algebra Ω∞ = C
∞
c (G, r
∗
∧
N∗F⊗|TG|1/2). By definition,
for any f ∈ C∞c (G, |TG|1/2) and ω ∈ C∞c (M,
∧
N∗F), one has that
dH(fr
∗ω) = (dHf)r
∗ω + fr∗(dHω).
5.4. Transverse fundamental class of a foliation. In this Section, we
describe, following [38] (cf. also [42]), the simplest construction of a cyclic
cocycle on the algebra C∞c (G, |TG|1/2) associated with a foliated manifold,
and, namely, the construction of the transverse fundamental class.
There is a general construction of cyclic cocycles on an arbitrary algebra
due to Connes [39]. Let us call by a cycle of dimension n a triple (Ω, d,
∫
),
where Ω = ⊕nj=0Ωj is a graded algebra over C, d : Ω → Ω is a graded
differentiation of degree 1 such that d2 = 0, and
∫
: Ωn → C is a graded
trace. Thus, the maps d and
∫
satisfy the following conditions:
(1) d(ωω′) = dω · ω′ + (−1)|ω|ω · dω′;
(2) d2 = 0;
(3)
∫
ω2ω1 = (−1)|ω1||ω2|
∫
ω1ω2;
(4)
∫
dω = 0 for ω ∈ Ωn−1.
Let A be an algebra over C. A cycle over the algebra A is a cycle (Ω, d,
∫
)
along with a homomorphism ρ : A→ Ω0.
For any cycle (A
ρ→ Ω, d, ∫ ) over A, one can define its character as
τ(a0, a1, . . . , an) =
∫
ρ(a0)d(ρ(a1)) . . . d(ρ(an)).
One can easily check that τ is a cyclic cocycle on A. Moreover, any cyclic
cocycle is the character of some cycle.
Now let (M,F) be a manifold equipped with a transversally oriented folia-
tion, H an arbitrary distribution onM , transverse to F = TF . Consider the
differential graded algebra (Ω∞ = C
∞
c (G, r
∗
∧
N∗F ⊗ |TG|1/2), dH). There
is a closed graded trace τ on (Ω∞, dH) defined by
τ(ω) =
∫
M
ω|M ,
where ω ∈ Ωq∞ = C∞c (G, r∗
∧qN∗F ⊗ |TG|1/2). Here ω|M denotes the
restriction of ω to M . This is a section of the bundle
∧qN∗F ⊗ |TF| on
M , and its integral over M is well-defined, using the transverse orientation
of the foliation.
A problem is that, since H is not integrable, it is not true, in general, that
d2H = 0. Using (2.5) and calculating the (0, 2)-component in the operator
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d2, we get
d2H = −(dF θ + θdF ).
The operator −(dF θ + θdF ) is a tangential differential operator. Therefore,
it can be written as R∧ T ∗M (k) (cf. (3.3)), where k ∈ C∞c (G,L(∧ T ∗M))
is given by the exterior product with a vector-valued distribution Θ ∈
D′(G, r∗∧2N∗F ⊗ |TG|1/2) supported in G(0). One can show that
d2Hω = Θ ∧ ω − ω ∧Θ, ω ∈ Ω∞.
Moreover, dHΘ = 0.
Since the action of d2H is given by the commutator with some 2-form, one
can canonically construct a new differential graded algebra (Ω˜∞, d˜H) with
d˜2H = 0 (see [39, 42]). The algebra Ω˜∞ consists of 2× 2-matrices ω = {ωij}
with elements from Ω∞. An element ω ∈ Ω˜∞ has degree k, if ω11 ∈ Ωk∞,
ω12, ω21 ∈ Ωk−1∞ and ω22 ∈ Ωk−2∞ . The product in Ω˜∞ is given by
ω · ω′ =
[
ω11 ω12
ω21 ω22
] [
1 0
0 Θ
] [
ω′11 ω
′
12
ω′21 ω
′
22
]
,
the differential by
d˜Hω =
[
dHω11 dHω12
−dHω21 −dHω22
]
+
[
0 −Θ
1 0
]
ω + (−1)|ω|ω
[
0 1
−Θ 0
]
,
and the closed graded trace τ˜ : Ω˜q∞ → C is defined as
τ˜
([
ω11 ω12
ω21 ω22
])
= τ(ω11)− (−1)qτ(ω22Θ).
Finally, the homomorphism ρ˜ : C∞c (G, |TG|1/2)→ Ω˜0∞ is given by
ρ˜(k) =
[
k 0
0 0
]
.
One can check that the triple (Ω˜∞, d˜H , τ˜ ) is a cycle over C
∞
c (G, |TG|1/2).
This cycle is called the fundamental cycle of the transversally oriented fo-
liation (M,F). The character of this cycle defines a cyclic cocycle φH on
C∞c (G, |TG|1/2). The cocycle φH depends on the auxiliary choice of H,
but the corresponding class in the cyclic cohomology is independent of this
choice. The class [M/F ] ∈ HCq(C∞c (G, |TG|1/2)) defined by the cocycle φH
is called the transverse fundamental class of the foliation (M,F).
Let C∞c (G, |TG|1/2)+ denote the algebra C∞c (G, |TG|1/2) with the ad-
joined unit. For an even q, let us extend the cycle (Ω˜∞, dH , τ˜) to a cycle
over C∞c (G, |TG|1/2)+, putting τ˜(Θq/2) = 0. In [76], a formula for a co-
cycle in the (b,B)-bicomplex of the algebra C∞c (G, |TG|1/2)+, which gives
the transverse fundamental class of the foliation (M,F), is obtained: the
formula
χr(k0, k1, . . . , kr) =
(−1) q−r2( q+r
2
)
!
∑
i0+...+ir=
q−r
2
∫
M
k0Θi0dHk
1 . . . dHk
rΘir ,
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where r = q, q − 2, . . ., k0 ∈ C∞c (G, |TG|1/2)+, k1, . . . , kr ∈ C∞c (G, |TG|1/2),
defines a cocycle in the (b,B)-bicomplex of the algebra C∞c (G, |TG|1/2)+.
The class defined by χ in HCq(C∞c (G, |TG|1/2)) coincides with [M/F ].
The pairing with [M/F ] ∈ HCq(C∞c (G, |TG|1/2)) defines an additive map
K(C∞c (G, |TG|1/2)) → C — “integration over the transverse fundamental
class”. An important problem is the question of topological invariance of this
map, that is, the question of the possibility to extend it to an additive map
from K(C∗r (G)) to C. A standard method of solving this problem consists
in constructing a smooth subalgebra B in C∗r (G), which contains the algebra
C∞c (G, |TG|1/2), such that the cyclic cocycle φH on C∞c (G, |TG|1/2), which
defines the transverse fundamental class [M/F ], extends by continuity to a
cyclic cocycle on B and defines, in that way, a map K(B) ∼= K(C∗r (G)) →
C. One managed to do this for so called para-Riemannian foliations (cf.
Section 6.3). An example of a para-Riemannian foliation is given by the lift
of F to a foliation V in the total space P of the fibration π : P →M , whose
fiber Px at x ∈ M is the space of all Euclidean metrics on the vector space
τx = TxM/TxF . Thus, one can define a map K(C∗(P,V)) → C. Since
the leaves of the fibration P are connected spin manifolds of nonpositive
curvature, one can construct an injective map K(C∗r (G)) → K(C∗(P,V)),
that allows to prove the existence of the map K(C∗r (G))→ C, given by the
transverse fundamental class, for an arbitrary foliation.
For geometrical consequences of this construction, see [38].
5.5. Cyclic cocycle defined by the Godbillon-Vey class. Consider a
smooth compact manifold M equipped with a transversally oriented codi-
mension one foliation F . The Godbillon-Vey class is a 3-dimensional coho-
mology class GV ∈ H3(M,R). It is the simplest example of secondary char-
acteristic classes of the foliation. Recall its definition. Since F is transver-
sally oriented, it is globally defined by a non-vanishing smooth 1-form ω
(that is, for any x ∈M , we have kerωx = TxF). It follows from the Frobe-
nius theorem that there exists a 1-form α on M such that dω = α∧ ω. One
can check that the 3-form α ∧ dα is closed, and its cohomology class does
not depend on the choice ω and α. This class GV ∈ H3(M,R) is called the
Godbillon-Vey class of F .
Let T be a complete smooth transversal given by a good cover of M by
regular foliated charts. Thus, T is an oriented one-dimensional manifold. In
this Section, we construct a cyclic cocycle on the algebra C∞c (G
T
T ), corre-
sponding to the Godbillon-Vey class. This is done in several steps. To start
with, we recall the construction of the Godbillon-Vey class as a secondary
characteristic class associated with the cohomology H∗(W1,R) of the Lie
algebra W1 = R[[x]]∂x of formal vector field on R.
Recall (cf., for instance, [82, 70]), that the cohomology of a Lie algebra g
are defined as the cohomology of the complex (C∗(g), d), where:
• Cq(g) is the space of (continuous) skew-symmetric q-linear functionals
on g;
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• for any c ∈ Cq(g), the cochain dc ∈ Cq+1(g) is defined by
dc(g1, . . . , gq+1)
=
∑
1≤i<j≤q+1
(−1)i+jc([gi, gj ], g1, . . . , gˆi, . . . , gˆj , . . . , gq+1),
g1, . . . , gq+1 ∈ g.
For cochains on W1, the continuity means the dependence only on finite
order jets of its arguments. The cohomology H∗(W1,R) were computed by
Gelfand and Fuchs (see, for instance, the book [70] and references therein).
They are finite-dimensional and the only nontrivial groups are H0(W1,R) =
R · 1 and H3(W1,R) = R · gv, where
gv(p1∂x, p2∂x, p3∂x) =
∣∣∣∣∣∣
p1(0) p2(0) p3(0)
p′1(0) p
′
2(0) p
′
3(0)
p′′1(0) p
′′
2(0) p
′′
3(0)
∣∣∣∣∣∣ , p1, p2, p3 ∈ R[[x]].
Consider the bundle F k+T → T of positively oriented frames of order k on
T and the bundle F∞+ T = lim←
F k+T of positively oriented frames of infinite
order on T . By definition, a positively oriented frame r of order k at x ∈ T
is the k-jet at 0 ∈ R of an orientation preserving diffeomorphism f , which
maps a neighborhood of 0 in R on some neighborhood of x = f(0) in T . If
y : U → R is a local coordinate on T , defined in a neighborhood U of x,
then the numbers
y0 = y(x), y1 =
d(y ◦ f)
dt
(0), . . . , yk =
dk(y ◦ f)
dtk
(0),
are coordinates of the frame r, and, moreover, y1 > 0.
There is defined a natural action of the pseudogroup Γ+(T ) of orienta-
tion preserving local diffeomorphisms of T on F∞+ T . Let Ω
∗(F∞+ T )
Γ+(T )
denote the space of differential forms on F∞+ T , invariant under the ac-
tion of Γ+(T ). There is a natural isomorphism of differential algebras
J : C∗(W1) → Ω∗(F∞+ T )Γ
+(T ) defined in the following way. First of all,
let v ∈W1, and let ht be any one-parameter group of local diffeomorphisms
of R such that v is the ∞-jet of the vector field dhtdt
∣∣
t=0
. Then define a
Γ+(T )-invariant vector field on F∞+ T , whose value at r = j0f ∈ J∞+ (T ) is
given by v(r) = j0
(
d(f◦ht)
dt
∣∣∣
t=0
)
.
For any c ∈ Cq(W1), put
J(c)(v1(r), . . . , vq(r)) = c(v1, . . . , vq).
One can check that this isomorphism takes the cocycle gv ∈ C3(W1,R) to
the three-form
gv =
1
y31
dy ∧ dy1 ∧ dy2 ∈ Ω3(F 2+T )Γ
+(T ).
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Consider the bundle F∞(M/F) on M , which consists of infinite order jets
of distinguished maps. There is a natural map F∞(M/F)→ F∞+ T/Γ+(T ).
Using this map and Γ+(T )-invariance of gv ∈ Ω3(F 2+T ), one can pull back
gv to a closed form gv(F) ∈ Ω3(F∞(M/F)). Since the fibers of the fibration
F 2(M/F) → M are contractible, H3(F∞(M/F),R) ∼= H3(M,R), and the
cohomology class inH3(M,R), corresponding under this isomorphism to the
cohomology class of gv(F) in H3(F∞(M/F),R), coincides with the God-
billion-Vey class of F .
To construct the cyclic cocycle on C∞c (G
T
T ), corresponding to the God-
billion-Vey class, one uses a Van Est type theorem (cf. [91]). This theorem
states the existence of an embedding
(5.11) Ω∗(F∞+ T )
Γ+(T ) → C∗(GTT ,Ω∗(GTT )),
where C∗(GTT ,Ω
∗(GTT )) denotes the space of cochains on the groupoid G
T
T
with values in the space Ω∗(GTT ) of differential forms on G
T
T , which is a
homomorphism of complexes, inducing an isomorphism in the cohomology.
Let us describe the cocycle from C∗(GTT ,Ω
∗(GTT )), corresponding to the
form gv ∈ Ω3(F 2+T )Γ
+(T ) (cf. [91]). Let ρ be an arbitrary smooth positive
density on T . Define a homomorphism δ : GTT → R∗+, called the modular
homomorphism, setting
δ(γ) =
ρy
dhγ(ρx)
, γ ∈ GTT , γ : x→ y,
where the map dhγ : |τx| → |τy| is induced by the linear holonomy map, and
also a homomorphism ℓ = log δ : GTT → R.
The formula
c(γ1, γ2) = ℓ(γ2) dℓ(γ1)− ℓ(γ1) dℓ(γ2), γ1, γ2 ∈ GTT ,
defines a 2-cocycle on GTT with values in the space of 1-forms on G
T
T . This co-
cycle, called the Bott-Thurston cocycle, corresponds to gv ∈ Ω3(F 2+T )Γ
+(T )
under the isomorphism given by the embedding (5.11).
Finally, the Bott-Thurston cocycle c defines a cyclic 2-cocycle ψ on C∞c (G
T
T )
by the formula (cf. Example 5.4):
ψ(k0, k1, k2) =
∫
γ0γ1γ2∈T
k0(γ0)k
1(γ1)k
2(γ2)c(γ1, γ2), k
0, k1, k2 ∈ C∞c (GTT ).
This is the cyclic cocycle, corresponding to the Godbillon-Vey class of F .
There is another description of cyclic cocycle, corresponding to the God-
billion-Vey class of F , which relates it with invariants of the von Neumann
algebra of this foliation [38]. The following formula defines a cyclic 1-cocycle
on C∞c (G
T
T ):
τ(k0, k1) =
∫
GTT
k0(γ−1)dk1(γ), k0, k1 ∈ C∞c (GTT ).
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The isomorphism HC1(C∞c (G
T
T ))
∼= HC1(C∞c (G)), defined by the strong
Morita equivalence (cf. Example 4.9), associates the class of τ in the group
HC1(C∞c (G
T
T )) to the transverse fundamental class of the foliation (M,F)
in HC1(C∞c (G)).
The fixed smooth positive density ρ on T defines a faithful normal semi-
finite weight φρ on the von Neumann algebra W
∗(GTT ) of the groupoid G
T
T .
For any k ∈ C∞c (GTT ), the value of the weight φρ is given by
φρ(k) =
∫
T
k(x) ρ(x).
Consider the one-parameter group σt of automorphisms of the von Neumann
algebra W ∗(GTT ) given by
σt(k)(γ) = δ(γ)
itk(γ), k ∈ C∞c (GTT ), t ∈ R.
This group is the group of modular automorphisms, associated with the
weight, by the Tomita-Takesaki theory [173].
The importance of the group of modular automorphisms is explained,
in particular, by the following its characterization [173]: a one-parameter
group of ∗-automorphisms σt of a von Neumann algebra M is the group of
modular automorphisms, associated with a weight ω, if and only if ω satisfies
the Kubo-Martin-Schwinger condition with respect to σt, that is, there is
an analytic in the strip Im z ∈ (0, 1) and continuous in its closure function
f such that, for any a, b ∈M, t ∈ R,
f(t) = ω(σt(a)b), f(t+ i) = ω(bσt(a)).
Following Connes [38], we call by a 1-trace on a Banach algebra B a
bilinear functional φ, defined on a dense subalgebra A ⊂ B, such that
(1) φ is a cyclic cocycle on A;
(2) for any a1 ∈ A, there is a constant C > 0 such that
|φ(a0, a1)| ≤ C‖a0‖, a0 ∈ A,
and a 2-trace on B a trilinear functional φ, defined on a dense subalgebra
A ⊂ B, such that
(1) φ is a cyclic cocycle on A;
(2) for any a1, a2 ∈ A, there is a constant C > 0 such that
|φ(x0, a1x1, a2)− φ(x0a1, x1, a2)| ≤ C‖a1‖ ‖a2‖, x0, x1 ∈ A.
The formula
τ˙(k0, k1) = lim
t→0
1
t
(
τ(σt(k
0), σt(k
1))− τ(k0, k1)) , k0, k1 ∈ C∞c (GTT )
defines a 1-trace on C∗r (G
T
T ) with the domain C
∞
c (G
T
T ), invariant under the
action of the automorphism group σt.
For any 1-trace φ on C∗-algebra A, invariant under an action of an one-
parameter automorphism group αt with the generator D, such that the space
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domφ∩ domD is dense in A, a 2-trace χ = iDφ on C∗r (GTT ) (an analogue of
the contraction) is defined by
χ(a0, a1, a2) = φ(D(a2)a0, a1)−φ(a0D(a1), a2), a0, a1, a2 ∈ domφ∩domD.
Theorem 5.7. Let (M,F) be a manifold with a transversally oriented codi-
mension one foliation, T a complete smooth transversal, ρ a smooth positive
density on T . Then the cyclic cocycle ψ ∈ HC2(C∞c (GTT )), corresponding to
the Godbillon-Vey class of F , coincides with iD τ˙ .
As a consequence of this statement, Connes obtained the following ge-
ometrical fact. First, recall that one can naturally associate to any von
Neumann algebra M an action of the multiplicative group R∗+ (called the
flow of weights [56]) on some commutative von Neumann algebra, the center
of the crossed product M ⋊R of M by R relative to the action of R on M
given by the modular automorphism group σt.
Theorem 5.8. [38] Let (M,F) be a manifold with a transversally oriented
codimension one foliation. If the Godbillon-Vey class GV ∈ H3(M,R) dif-
fers from zero, then the flow of weights of the von Neumann algebra of the
foliation F has a finite invariant measure.
In particular, this implies the following, previous result.
Theorem 5.9. [103] Let (M,F) be a manifold with a transversally oriented
codimension one foliation. If the Godbillon-Vey class GV ∈ H3(M,R) dif-
fers from zero, then the von Neumann algebra of the foliation F has the non
trivial type III component.
In [138, 139], one gives another construction of the cyclic cocycle, asso-
ciated with the Godbillon-Vey class, as a cyclic cocycle on the C∗-algebra
of foliation C∗r (G), in the case of a foliated S
1-bundle, that is, when the
foliation F is constructed, using the suspension construction for a homo-
morphism φ : Γ = π1(B)→ Diff(S1).
5.6. General constructions of cyclic cocycles. The secondary charac-
teristic classes of foliations are given by the characteristic homomorphism
[17, 24, 90]
χF : H
∗(Wq;O(q))→ H∗(M,R).
defined for any codimension q foliation F on a smooth manifold M , where
H∗(Wq;O(q)) denotes the relative cohomology of the Lie algebra Wq of
formal vector fields in Rq. A basic property of the secondary characteristic
classes consists in their functoriality: if a smooth map f : N → M is
transverse to a transversely oriented foliation F and f∗F is the foliation
on N induced by f (by definition, the leaves of f∗F are the connected
components of the pre-images of the leaves of F under the map f), then
f∗(χF (α)) = χf∗F (α), α ∈ H∗(Wq;O(q)).
The classifying space BΓq of the groupoid Γq classifies codimension q folia-
tions on a given manifoldM in the sense that any foliation F onM defines a
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mapM → BΓq, and, moreover, in the case whenM is compact, a homotopy
class of maps M → BΓq corresponds to a concordance class of foliations on
M [89].
By the functoriality of the characteristic homomorphism, it suffices to
know it for the universal foliation on BΓq, that gives the universal charac-
teristic homomorphism
χ : H∗(Wq;O(q))→ H∗(BΓq,R).
For any complete transversal T , the universal characteristic homomorphism
χ is represented as a composition
χ : H∗(Wq;O(q))→ H∗(BGTT ,R)→ H∗(BΓq,R).
Since the groupoids GTT and G are equivalent, H
∗(BGTT ,R)
∼= H∗(BG,R),
that defines a map
H∗(Wq;O(q))→ H∗(BG,R).
The relative cohomology H∗(Wq;O(q)) of the Lie algebra Wq are calcu-
lated as follows (cf., for instance, [73]). Consider the complex
WOq = Λ(u1, u3, . . . , um)⊗ P (c1, c2, . . . , cq)q
where m is the largest odd number, less than q + 1, Λ(u1, u3, . . . , um) de-
notes the exterior algebra with generators u1, u3, . . . , um, deg ui = 2i − 1,
P (c1, c2, . . . , cq) denotes the polynomial algebra with generators c1, c2, . . . , cq,
deg ci = 2i and P (c1, c2, . . . , cq)q denotes the quotient of P (c1, c2, . . . , cq) by
the ideal generated by the monomials of degree greater than 2q. The dif-
ferential in WOq is defined by d(ui ⊗ 1) = 1 ⊗ ci, d(1 ⊗ ci) = 0. There
is a homomorphism of the complex WOq to the complex C
∗(Wq;O(q)) of
relative cochains on the algebra Wq, which induces an isomorphism in the
cohomology H∗(WOq) ∼= H∗(Wq;O(q)).
For any i = 1, 2, . . . , q, the cohomology class [1⊗ ci] ∈ H2i(WOq), defined
by 1 ⊗ ci, is mapped by the characteristic homomorphism χF to the i-
th Pontryagin class pi of the normal bundle τ . The Godbillon-Vey class
GV ∈ H3(M,R) of a codimension one foliation on a compact manifold M is
the image of [u1 ⊗ c1] ∈ H3(WO1) under the characteristic homomorphism
χF .
Connes [42, Section 2 δ, Theorem 14 and Remark b)] constructed a natural
map
Φ∗ : H
∗(BG,R)→ HP ∗(C∞c (G, |TG|1/2))
for any oriented etale groupoid G. The constructions of the transverse fun-
damental class of a foliation and of the cyclic cocycle associated with the
Godbillon-Vey class are special cases of this general construction.
In [77], Gorokhovsky generalized the above construction of the cyclic co-
cycle associated with the Godbillon-Vey class, which uses the group of mod-
ular automorphisms, to the case of arbitrary secondary characteristic classes.
This construction makes an essential use of the cyclic cohomology theory for
Hopf algebras developed in the paper [51] (cf. Section 8.3).
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For the calculations of the cyclic cohomology of C∗-algebras of etale
groupoids, cf. [27, 42, 57, 58].
5.7. Index of tangentially elliptic operators. In this Section, we briefly
describe applications of the above methods to the index theory for tangen-
tially elliptic operators.
Let D be a tangentially elliptic operator on a compact foliated manifold
(M,F). The restrictions of D to the leaves of F define a family (Dl)l∈M/F ,
where Dl is an elliptic differential operator on a leaf l of F . It turns out
that the families (PKerDl)l∈M/F and (PKerD∗l )l∈M/F , which consist of the
orthogonal projections to KerDl and KerD
∗
l in L
2(l) accordingly, define
elements of the von Neumann algebra of the foliation W ∗(M,F). Suppose
that F has a holonomy invariant transverse measure Λ. Then a normal
semi-finite trace trΛ on W
∗(M,F) is defined. It is proved in [34] that the
dimensions
dimΛ((KerDl)l∈M/F ) = trΛ((PKerDl)l∈M/F ),
dimΛ((KerD
∗
l )l∈M/F ) = trΛ((PKerD∗l )l∈M/F ),
are finite, and, therefore, the index of D is defined by
indΛ(D) = dimΛ((KerDl)l∈M/F )− dimΛ((KerD∗l )l∈M/F ).
Like in [5], the tangential principal symbol σD of D defines an element of
K1(T ∗F). Using the Thom isomorphism (for simplicity, assume that the
bundle TF is orientable), one can define the Chern character ch(σD) as an
element of the rational cohomology group H∗(M,Q) of the manifoldM . Let
Td(T ∗F) ∈ H∗(M,Q) denote the Todd class of the cotangent bundle T ∗F
to F .
Theorem 5.10. [34] One has the formula
indΛ(D) = (−1)p(p+1)/2〈C, ch(σD)Td(T ∗F)〉,
where C is the Ruelle-Sullivan current, corresponding to the transverse mea-
sure Λ.
Theorem 5.10 is completely similar to the Atiyah-Singer index theorem
in cohomological form [4] with the only difference that one uses here the
pairing with the Ruelle-Sullivan current C instead of the integration over
the compact manifold in the right-hand side of the Atiyah-Singer formula.
An odd version of Theorem 5.10 is proved in the paper [64] (see also. [63]).
It is related with the index theory for Toeplitz operators.
In the paper [55] (see also [37]), aK-theoretic version of the index theorem
for tangentially elliptic operators on an arbitrary compact foliated manifold
(M,F) is proved. Let D be a tangentially elliptic operator on a compact
manifoldM . One can construct an analytical index Inda(D) ∈ K0(C∗(G)) of
the operator (Dl)l∈M/F , using operator constructions ([34, 37]), and, starting
with the class [σD] ∈ K1(T ∗F) defined by the tangential principal symbol
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σD of the operator D, one can construct its topological index Indt(D) ∈
K0(C
∗(G)).
Theorem 5.11. [55, 37] For any tangentially elliptic operator D on a com-
pact foliated manifold (M,F), one has the formula
Inda(D) = Indt(D).
If F is given by the fibers of a fibration M → B, then K0(C∗(G)) ∼=
K0(B), and Theorem 5.11 is reduced to the Atiyah-Singer theorem for fam-
ilies of elliptic operators [5].
In [95] (see also [96]), Heitsch and Lazarov proved an analogue of the
Atiyah-Bott-Lefschetz fixed point formula [3] in the setting of Theorem 5.10.
More precisely, they consider a compact foliated manifold (M,F), equipped
with a holonomy invariant transverse measure Λ, and a diffeomorphism
f : M → M , which takes each leaf of the foliation to itself. They assume
additionally that the fixed point sets of f are submanifolds, transverse to
the foliation. Under these assumptions, the Lefschetz theorem proved in
[95] states the equality of the alternating sum of the traces of the action of
f on the L2 spaces of harmonic forms along the leaves of the foliation (an
appropriate trace is given by trΛ) with the average with respect to Λ of local
contributions of the fixed point sets.
In [12], an equivariant generalization of Theorem 5.11 to the case when
there is a compact Lie group action, taking each leaf of the foliation F to
itself, is obtained. As a consequence, the author extended the Lefschetz the-
orem proved in [95] to the case of an arbitrary tangentially elliptic complex
when the diffeomorphism f : M → M is included to a compact Lie group
action, taking each leaf of F to itself.
Finally, in [42, Chapter III, Section 7.γ, Corollary 13], a cyclic version of
the index theorem for tangentially elliptic operators is given.
Theorem 5.12. Let D be a tangentially elliptic operator on a compact
manifold with a transversely oriented foliation (M,F), Inda(D) its analytic
index. Then, for any ω ∈ H∗(BG), we have
〈Φ∗(ω), Inda(D)〉 = 〈ω, chτ (σD)〉.
Here Φ∗ : H
∗(BG) → HP ∗(C∞c (G, |TG|1/2)) is the map introduced in
Section 5.6, chτ (σD) denotes the twisted Chern character
chτ (σD) = Td(τ)
−1ch(σD),
where ch : K∗(BG)→ H∗(BG,Q) is the Chern character.
Let us also mention the papers [139, 94, 97, 78, 79], concerning to gen-
eralizations of the local index theorem for families of elliptic operators [18]
to the case of tangentially elliptic operators on a foliated manifold, and the
papers [11, 13, 14], concerning to cyclic versions of the Lefschetz formula for
diffeomorphisms, which take each leaf of a foliation to itself.
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6. Noncommutative differential geometry
In this Section, we will describe noncommutative analogues of two of
the most important transverse geometric structures for foliated manifolds:
symplectic and Riemannian ones.
6.1. Noncommutative symplectic geometry. Based on the ideas of the
deformation theory of Gerstenhaber [71], Ping Xu [186] and Block and Get-
zler [20] introduced a noncommutative analogue of the Poisson bracket.
Namely, they defined a Poisson structure on an algebra A as a Hochschild
2-cocycle P ∈ Z2(A,A) such that P ◦ P as a Hochschild 3-coboundary,
P ◦ P ∈ B3(A,A). In other words, a Poisson structure on A is given by a
linear map P : A⊗A→ A such that
(6.1)
(δP )(a1, a2, a3) ≡ a1P (a2, a3)−P (a1a2, a3)+P (a1, a2a3)−P (a1, a2)a3 = 0,
and there is a 2-cochain P1 : A⊗A→ A such that
(6.2) P ◦ P (a1, a2, a3) ≡ P (a1, P (a2, a3))− P (P (a1, a2), a3)
= a1P1(a2, a3)− P1(a1a2, a3) + P1(a1, a2a3)− P1(a1, a2)a3.
The identity (6.1) is an analogue of the Jacobi identity for a Poisson bracket,
and the identity (6.2) is an analogue of the Leibniz rule.
A connection of this definition with the deformation theory consists in
the following fact. Let us call by a formal deformation of an algebra A
an associative multiplication on the vector space A[[ν]] = C[[ν]] ⊗ A over
the field C[[ν]] of formal complex series such that the induced multiplica-
tion on A = A[[ν]]/νA[[ν]] coincides with the multiplication in A. Such a
deformation is described by a cochain
m(a1, a2) =
∞∑
i=0
νimi(a1, a2), a1, a2 ∈ A[[ν]],
and, moreover,
(1) m ◦m(a1, a2, a3) = m(a1,m(a2, a3))−m(m(a1, a2), a3) = 0;
(2) m0(a1, a2) = a1a2.
It easily follows from here that m1 defines a Poisson structure on A.
Block and Getzler [20] defined a Poisson structure on the operator algebra
C∞c (G, |TG|1/2) of a symplectic foliation F in the case when the normal
bundle τ to F has a basic connection ∇ (recall that a basic connection on
τ is a holonomy invariant adapted connection).
Consider an arbitrary symplectic foliation F . Let ω be the corresponding
closed 2-form of constant rank. It defines a nondegenerate holonomy invari-
ant 2-form on the normal bundle τ , which gives a bundle isomorphism of τ
and τ∗ ∼= N∗F and, therefore, defines a 2-form Λ on N∗F .
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Choose an arbitrary distribution H on M , transverse to F . There is
defined the transverse differential
dH : Ω
0
∞ = C
∞
c (G, |TG|1/2)→ Ω1∞ = C∞c (G, r∗N∗F ⊗ |TG|1/2).
The exterior product of differential forms gives a map Ω1∞ ×Ω1∞ ∧→ Ω2∞ (cf.
(3.5)). Finally, the pairing with the 2-form Λ defines a map
Ω2∞ → Ω0∞ : s→ 〈Λ, s〉,
where
〈Λ, s〉(γ) = 〈Λs(γ), s(γ)〉.
A Poisson bracket P (k1, k2) of k1, k2 ∈ C∞c (G, |TG|1/2) is defined as
(6.3) P (k1, k2) = 〈Λ, dHk1 ∧ dHk2〉.
It is not difficult to check that P satisfies (6.1).
A construction of a 2-cochain P1 : A ⊗ A → A, which satisfies (6.2), is
given in [20] only in the case when F has a basic connection.
6.2. Noncommutative Riemannian spaces. According to [50, 43], the
initial datum of the noncommutative Riemannian geometry is a spectral
triple.
Definition 6.1. A spectral triple is a set (A,H,D), where:
(1) A is an involutive algebra;
(2) H is a Hilbert space, equipped with a ∗-representation of A;
(3) D is an (unbounded) self-adjoint operator in H such that
1. for any a ∈ A, the operator a(D − i)−1 is a compact operator in
H;
2. D almost commutes with elements of A in the sense that [D, a]
is bounded for any a ∈ A.
A spectral triple is called even, if H is endowed with a Z2-grading γ ∈
L(H), γ = γ∗, γ2 = 1, and, moreover, γD = −Dγ and γa = aγ for any
a ∈ A. In the opposite case, a spectral triple is called odd.
Spectral triples were considered for the first time in the paper [6], where
they were called unbounded Fredholm modules. A spectral triple (A,H,D)
defines a Fredholm module (H, F ) over A, where F = D(I + D2)−1/2 [6].
On the contrary, any Fredholm module (H, F ) over A is homotopic to a
Fredholm module determined by a spectral triple. In a sense, the operator F
is connected with measurement of angles and is responsible for the conformal
structure, whereas |D| is connected with measurement of lengths.
Definition 6.2. A spectral triple (A,H,D) is called p-summable (or p-
dimensional), if, for any a ∈ A, the operator a(D− i)−1 is an element of the
Schatten class Lp(H).
A spectral triple (A,H,D) is called finite-dimensional, if it is p-summable
for some p.
NONCOMMUTATIVE GEOMETRY OF FOLIATIONS 63
The greatest lower bound of all p’s, for which a finite-dimensional spectral
triple is p-summable, is called the dimension of the spectral triple.
As shown in [6], the dimension of the spectral triple (A,H,D) coincides
with the dimension of the corresponding Fredholm module (H, F ), F =
D(I +D2)−1/2, over A.
The classical Riemannian geometry is described by the spectral triple
(A,H,D), associated with a compact Riemannian manifold (M,g):
(1) An involutive algebra A is the algebra C∞(M) of smooth functions
on M ;
(2) A Hilbert space H is the space L2(M,Λ∗T ∗M), on which the algebra
A acts by multiplication;
(3) An operator D is the signature operator d+ d∗.
Let us show that this spectral triple contains a basic geometric information
on the Riemannian manifold (M,g). First of all, it is finite-dimensional,
and the dimension of this spectral triple coincides with the dimension of M .
This fact is an immediate consequence of the Weyl asymptotic formula for
eigenvalues of self-adjoint elliptic operators on a compact manifold.
For any T ∈ L(H), denote by δi(T ) the i-th iterated commutator with
|D|. Consider the space OP0, consisting of all T ∈ L(H) such that δi(T ) ∈
L(H) for any i ∈ N. Then OP0 ∩ C(M) coincides with C∞(M). This
allows to reconstruct the smooth structure of M , based on its topological
structure and the spectral triple (A,H,D) (observe that here one can take
as A any involutive algebra, which consists of Lipschitz functions and is
dense in C(M)).
Based on the spectral triple, one can compute the geodesic distance d(x, y)
between any two points x, y ∈M by the formula (cf. [41])
d(x, y) = sup{|f(x)− f(y)| : f ∈ A, ‖[D, f ]‖ ≤ 1}.
Then, starting from the triple (A,H,D), one can reconstruct the Riemann-
ian volume form dν, given in local coordinates by dν =
√
det g dx. For
this, one uses a trace Trω, introduced by Dixmier in [61] as an example of
a nonstandard trace on the algebra L(H). Before we describe the Dixmier
trace, we introduce some auxiliary notions. Consider the ideal L1+(H) in
the algebra of compact operators K(H), which consists of all T ∈ K(H) such
that
sup
N∈N
1
lnN
N∑
n=1
µn(T ) <∞,
where µ1(T ) ≥ µ2(T ) ≥ . . . are the singular numbers of T . For any invariant
mean ω on the amenable group of upper triangular 2× 2-matrices, Dixmier
constructed a linear form limω on the space ℓ
∞(N) of bounded sequences,
which coincides with the limit functional lim on the subspace of convergent
sequences. The trace Trω on L1+(H) is defined for a positive operator T ∈
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L1+(H) as
Trω(T ) = lim
ω
1
lnN
N∑
n=1
µn(T ).
LetM be a compact manifold, E a vector bundle onM and P ∈ Ψm(M,E)
a classical pseudodifferential operator. Thus, in any local coordinate sys-
tem, its complete symbol p can be represented as an asymptotic sum p ∼
pm + pm−1 + . . ., where pl(x, ξ) is a homogeneous function of degree l in ξ.
As shown in [40], the Dixmier trace Trω(P ) does not depend on the choice
of ω and coincides with the value of the residue trace τ(P ), introduced by
Wodzicki [185] and Guillemin [83]. The residue trace τ is defined as follows.
For P ∈ Ψ∗(M,E), its residue form ρP is defined in local coordinates as
ρP =
(∫
|ξ|=1
Tr p−n(x, ξ) dξ
)
|dx|.
The density ρP turns out to be independent of the choice of a local coordinate
system and, therefore, gives a well-defined density on M . The integral of
the density ρP over M is the residue trace τ(P ) of P :
(6.4) τ(P ) = (2π)−n
∫
M
ρP = (2π)
−n
∫
S∗M
Tr p−n(x, ξ) dxdξ.
Wodzicki [185] showed that τ is a unique trace on the algebra Ψ∗(M,E) of
classical pseudodifferential operators of arbitrary order.
According to [40] (cf. also [81]), any P ∈ Ψ−n(M,E) (n = dimM)
belongs to the ideal L1+(L2(M,E)) and, for any invariant mean ω,
Trω(P ) = τ(P ).
The above results imply the formula∫
M
f dν = c(n)Trω(f |D|−n), f ∈ A,
where c(n) = 2(n−[n/2])πn/2Γ(n2 + 1). Thus, the Dixmier trace Trω can be
considered as a proper noncommutative generalization of the integral.
Finally, the Egorov theorem for pseudodifferential operators allows to
describe the geodesic flow on the cotangent bundle T ∗M in terms of the
given spectral triple (cf. Section 8.4).
Example 6.3. Let us give examples of spectral triples (A,H,D) associated
with the noncommutative torus T 2θ (see [44]). These triples are parametrized
by a complex number τ with Im τ > 0. Put
A = Aθ = {a =
∑
(n,m)∈Z2
anmU
nV m : anm ∈ S(Z2)}.
Define a canonical normalized trace τ0 on Aθ as
τ0(a) = a00, a ∈ Aθ.
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Let L2(Aθ, τ0) be the Hilbert space, which is the completion of Aθ in the
inner product (a, b) = τ0(b
∗a), a, b ∈ Aθ. The Hilbert space H is defined as
the sum of two copies of L2(Aθ, τ0), equipped with the grading, given by
γ =
(
1 0
0 −1
)
.
The representation ρ of Aθ in H is given by the left multiplication, that
is, for any a ∈ Aθ
ρ(a) =
(
λ(a) 0
0 λ(a)
)
,
where the operator λ(a) is given on Aθ ⊂ L2(Aθ, τ0) by
λ(a)b = ab, b ∈ Aθ.
Introduce the differentiations δ1 and δ2 on the algebra Aθ by
δ1(U) = 2πiU, δ1(V ) = 0; δ2(U) = 0, δ2(V ) = 2πiV.
The operator D depends explicitly on τ and has the form
D =
(
0 δ1 + τδ2
−δ1 − τ¯ δ2 0
)
.
The triples constructed above are two-dimensional smooth spectral triples.
Finally, we describe the simplest example of a spectral triple associated
with a closed manifold M , equipped with a Riemannian foliation F . Fix a
bundle-like metric gM on M . Let H = F
⊥ be the orthogonal complement
of F = TF .
Define a triple (A,H,D) as follows:
(1) A = C∞c (G);
(2) H = L2(M,Λ∗H∗) is the space of transverse differential forms, en-
dowed with the natural action RΛ∗H∗ of A;
(3) D = dH + d
∗
H is the transverse signature operator (cf. Section 2.7).
Theorem 6.4. [113] The spectral triple (A,H,D) is a finite-dimensional
spectral triple of dimension q = codimF .
More general examples of spectral triples given by transversally elliptic
operators on foliated manifolds are defined later in Section 8. Before we turn
to the study of properties of spectral triples associated with Riemannian
foliations, we need to have an appropriate pseudodifferential calculus, that
is a subject of Section 7.
6.3. Geometry of para-Riemannian foliations.
Definition 6.5. A foliation F on a manifold M is called para-Riemannian,
if there is an integrable distribution V on M , which contains the tangent
bundle TF to F such that there are holonomy invariant Euclidean structures
in the fibers of the bundles TM/V and V/TF .
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If V is an integrable distribution on M , which defines a para-Riemannian
structure, and V is the corresponding foliation on M , F ⊂ V, then V is
Riemannian, and the restriction of F to every leaf of V is a Riemannian
foliation.
An interest in studying of para-Riemannian foliations is related with the
fact that, in some cases, the study of arbitrary foliations can be reduced
to the case of para-Riemannian foliations. A basic observation consists in
the following. Let (M,F) be an arbitrary foliated manifold. Consider the
bundle P over M , whose fiber Px at x ∈ M is the space of all Euclidean
metrics on the vector space τx = TxM/TxF . There is a natural lift of F
to a foliation V on P , moreover, this foliation is para-Riemannian. For the
first time, this construction was used by Connes [38] in order to extend the
map K0(C
∞
c (G, |TG|1/2))→ C given by the transverse fundamental class of
an arbitrary foliation (M,F) to a map K0(C∗r (G)) → C (cf. Section 5.4).
Connes constructed such an extension for (P,V), using the para-Riemannian
condition, and then, using the Thom isomorphism, he showed that the map
K0(C
∗
r (P,V)) → C given by the transverse fundamental class of (P,V) de-
fines the desired extension K0(C
∗
r (G))→ C for the initial foliation (M,F).
In [100], Hilsum and Skandalis constructed a Fredholm module associated
with an arbitrary para-Riemannian foliation. To do this, they made use of
transversally hypoelliptic operators and pseudodifferential operators of type
(ρ, δ).
In [50], Connes and Moscovici described a spectral triple associated with
a para-Riemannian foliations. More precisely, they considered the closely re-
lated setting (strongly Morita equivalent), when there is a manifold equipped
with an action of a discrete group, preserving a triangular structure.
Let us describe the construction of Connes and Moscovici. Let W be an
oriented smooth manifold, and Γ a group of diffeomorphisms of W . Con-
sider the bundle π : P (W ) → W , whose fiber Px(W ) at x ∈ W is the
space of all Euclidean metrics on the vector space TxW . Thus, a point
p ∈ P (W ) is given by a point x ∈ W and a nondegenerate quadratic form
on TxW . Let F+(W ) be the bundle of positive frames in the bundle W ,
whose fiber Fx(W ) at x ∈ W is the space of orientation preserving, linear
isomorphisms Rn → TxW . Equivalently, the bundle P (W ) can be described
as the quotient of the bundle F+(W ) by the fiberwise action of the subgroup
SO(n) ⊂ GL(n,R), P (W ) = F+(W )/SO(n). We will use the natural invari-
ant Riemannian metric on the symmetric space GL+(n,R)/O(n), given by
the matrix Hilbert-Schmidt norm on the tangent space to GL(n,R)/SO(n),
which is identified with the space of symmetric n× n-matrices. If we trans-
fer this metric to the fibers Px of the fibration P (W ) = P , we get a Eu-
clidean structure on the vertical distribution V ⊂ TP . The normal space
Np = TpP/Vp is naturally identified with the space TxW,x = π(p). Thus,
the quadratic form on TxW , corresponding to p, defines a natural Euclidean
structure on Np.
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There are natural actions of the group Γ on F (W ) and on P . The action
takes the fibers of the fibration π : P →W to itself. Moreover, the Euclidean
structures on the distributions V and N , introduced above, are invariant
under the action of Γ. In this case, one say that there is a triangular structure
on P , invariant under the group action.
Consider the Hermitian vector bundle E = ∧∗V ∗
C
⊗ ∧∗N∗
C
over P . The
Hermitian structure in the fibers of E is given by the Euclidean structures
on V and N . The grading operators γV and γN in ∧∗V ∗C and ∧∗N∗C are given
by the Hodge operators of the Euclidean structures and the orientations of
the bundles V and N . The Euclidean structures on V and N also define a
natural volume form v ∈ ∧∗V ∗ ⊗ ∧∗N∗ = ∧T ∗P .
Let A be the crossed product C∞c (P ) ⋊ Γ. Recall that this algebra is
generated as a linear space by the expressions of the form fUg, where f ∈
C∞c (P ) and g ∈ Γ (cf. Example 3.18).
Let H be the space L2(P,E) of L2 sections of the bundle E, which is
equipped by the Hilbert structure, given by the volume form v and the
Hermitian structure on E. The action of A in H is given in a following way.
A function f ∈ C∞c (P ) acts as the corresponding multiplication operator in
H. For any g ∈ Γ, the unitary operator Ug in H is given by the natural
actions of Γ in the section of the bundles V and N .
Consider the foliation V, given by the fibers of the fibration P . Then
V = TV, N is the normal bundle to V. Denote by dL : C∞(P,E) →
C∞(P,E) the tangential de Rham differential associated with the foliation
V (see (2.5)). Let QL be the second order tangential differential operator in
C∞(P,E) given by
QL = dLd
∗
L − d∗LdL.
As shown in [50], the principal symbol of QL is homotopic to the principal
symbol of the signature operator dL + d
∗
L.
Choose an arbitrary distribution H on P , transverse to V . Consider
the corresponding transverse de Rham differential dH (see (2.5)) and the
transverse signature operator
QH = dH + d
∗
H .
This operator depends on the choice ofH, but its transverse principal symbol
is independent of H. Define a mixed signature operator Q in C∞(P,E) as
Q = QL(−1)∂N +QN ,
where (−1)∂N denotes the parity operator in the transverse direction, that
is, it coincides with 1 on ∧evN∗ and with −1 on ∧oddN∗. One can show
that Q is essentially self-adjoint in H. Using the functional calculus, define
the operator D as
Q = D|D|.
Theorem 6.6. [50] The triple (A,H,D) is a spectral triple of dimension
dimV + 2dimN .
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The proof of this theorem makes an essential use of the pseudodifferential
calculus on Heisenberg manifolds, constructed by Beals and Greiner [10].
Note that the above construction can be applied to any manifold endowed
with a triangular structure, invariant under a group action. In this case,
a complicated analytic problem is the essential self-adjointness of Q in the
case of a noncompact manifold.
7. Transverse pseudodifferential calculus
Throughout in this Section, we will consider a closed, connected, oriented,
foliated manifold (M,F), dimM = n, dimF = p, p+q = n, and a Hermitian
vector bundle E on M of rank r. We will consider operators, acting on half-
densities. We will denote by C∞(M,E) the space of smooth sections, by
L2(M,E) the Hilbert space of square integrable sections, by D′(M,E) the
space of distributional sections, D′(M,E) = C∞(M,E)′, and by Hs(M,E)
the Sobolev space of order s for the vector bundle E ⊗ |TM |1/2.
7.1. Classes Ψm,−∞(M,F , E). [113] Consider the n-dimensional cube In =
Ip× Iq equipped with the trivial foliation, whose leaves are Ip×{y}, y ∈ Iq.
As usual, the coordinates in In are denoted by (x, y), x ∈ Ip, y ∈ Iq, and
the dual coordinates by (ξ, η), ξ ∈ Rp, η ∈ Rq.
Definition 7.1. A function k ∈ C∞(Ip × Ip × Iq × Rq,L(Cr)) belongs to
the class Sm(Ip × Ip × Iq × Rq,L(Cr)), if, for any multiindices α ∈ Nq and
β ∈ N2p+q, there is a constant Cαβ > 0 such that
‖∂αη ∂β(x,x′,y)k(x, x′, y, η)‖ ≤ Cαβ(1 + |η|)m−|α|,
(x, x′, y) ∈ Ip × Ip × Iq, η ∈ Rq.
In the following, we will only consider classical symbols.
Definition 7.2. A function k ∈ C∞(Ip × Ip × Iq × Rq,L(Cr)) is called a
classical symbol of order z ∈ C, if it can be represented as an asymptotic
sum
k(x, x′, y, η) ∼
∞∑
j=0
θ(η)kz−j(x, x
′, y, η),
where kz−j ∈ C∞(Ip × Ip × Iq × (Rq\{0}),L(Cr)) are homogeneous in η of
degree z − j, that is,
kz−j(x, x
′, y, tη) = tz−jkz−j(x, x
′, y, η), t > 0,
and θ is a smooth function in Rq such that θ(η) = 0 for |η| ≤ 1, θ(η) = 1
for |η| ≥ 2.
In this definition, the sign of asymptotic summation ∼ means that k −∑N
j=0 θkz−j ∈ SRe z−N−1 for any natural N .
A symbol k ∈ Sm(Ip × Ip × Iq × Rq,L(Cr)) defines an operator
A : C∞c (I
n,Cr)→ C∞(In,Cr)
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as
(7.1) Au(x, y) = (2π)−q
∫
ei(y−y
′)ηk(x, x′, y, η)u(x′, y′) dx′ dy′ dη,
where u ∈ C∞c (In,Cr), x ∈ Ip, y ∈ Iq. Denote by Ψm,−∞(In, Ip,Cr) the
class of operators of the form (7.1) with k ∈ Sm(Ip × Ip × Iq × Rq,L(Cr))
such that its Schwartz kernel is compactly supported in In × In.
If φ : U ⊂ M → Ip × Iq, φ′ : U ′ ⊂ M → Ip × Iq are compatible fo-
liated charts on M endowed with trivializations of E, then an operator
A ∈ Ψm,−∞(In, Ip,Cr) defines an operator A′ : C∞c (U,E) → C∞c (U ′, E),
which can extended in a trivial way to an operator in C∞(M,E). The
operator obtained in such a way will be also denoted by A′ and called an
elementary operator of class Ψm,−∞(M,F , E).
Definition 7.3. The class Ψm,−∞(M,F , E) consists of operators A, acting
in C∞(M,E), which can be represented in the form A =
∑k
i=1Ai + K,
where Ai are elementary operators of class Ψ
m,−∞(M,F , E), corresponding
to pairs φi, φ
′
i of compatible foliated charts, K ∈ Ψ−∞(M,E).
Operators from Ψm,−∞(M,F , E) are called transversal pseudodifferential
operators. These operators can be represented as Fourier integral opera-
tors associated with a natural canonical relation in the punctured cotangent
bundle T˜ ∗M = T ∗M\{0}. More precisely, let FN be the linearized foliation
in N˜∗F , GFN the holonomy groupoid of the foliation FN . The map
(7.2) (r, s) : GFN → T˜ ∗M × T˜ ∗M
defines an injectively immersed relation in T˜ ∗M . The algebra of Fourier
integral operators associated with the canonical relation (7.2) coincides with
Ψ∗,−∞(M,F , E). Observe also that the class Ψ∗,−∞(M,F , E) coincides with
the algebra RΣ, associated with the coisotropic conic submanifold Σ = N˜∗F
in T˜ ∗M , which was introduced by Guillemin and Sternberg in [87].
Recall that a Fourier integral operator on M is a linear operator F :
C∞(M)→ D′(M), microlocally representable in the form
(7.3) Fu(x) =
∫
eφ(x,y,θ)a(x, y, θ)u(y) dy dθ,
where x ∈ X ⊂ Rn, y ∈ Y ⊂ Rn, θ ∈ RN \ 0. Here a(x, y, θ) ∈ Sm(X × Y ×
RN) is an amplitude, φ is a nondegenerate phase function. (Concerning to
Fourier integral operators cf., for instance, [102, 175, 180])
Consider the smooth map from X × Y × RN to T ∗X × T ∗Y given by
(x, y, θ) 7→ (x, φx(x, y, θ), y,−φy(x, y, θ)).
The image of the set
Σφ = {(x, y, θ) ∈ X × Y × RN : φθ(x, y, θ) = 0}
under this map turns out to be a homogeneous canonical relation Λφ in
T ∗X × T ∗Y . (Recall that a closed conic submanifold C ⊂ T ∗(X × Y ) \ 0
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is called a homogeneous canonical relation, if it is contained in T˜ ∗X × T˜ ∗Y
and is Lagrangian with respect to the 2-form ωX − ωY , where ωX , ωY are
the canonical symplectic forms on T ∗X,T ∗Y respectively.)
A Fourier integral operator F is said to be associated with Λφ. Let us
write F ∈ Im(X × Y,Λφ), if a ∈ Sm+n/2−N/2(X × Y × RN ).
Let φ : U ⊂ M → Ip × Iq, φ′ : U ′ ⊂ M → Ip × Iq be compatible
foliated charts on M , and A : C∞c (U, E|U ) → C∞c (U ′, E|U ′) an elementary
operator given by (7.1) with k ∈ Sm(Ip × Ip × Iq × Rq,L(Cr)). It can
be represented in the form (7.3), if one takes X = U with the coordinates
(x, y), Y = U ′ with the coordinates (x′, y′), θ = η, N = q, the phase function
φ(x, y, x′, y′) = (y−y′)η and the amplitude a = k(x, x′, y, η). The associated
homogeneous canonical relation Λφ can be described as
Λφ = {(x, y, ξ, η, x′, y′, ξ′, η′) ∈ T ∗U × T ∗U ′ : y = y′, ξ = ξ′ = 0, η = −η′},
that coincides with the intersection of G′FN with T
∗U × T ∗U ′. (For any
relation C ⊂ T ∗X × T ∗Y , C ′ denotes the image of C under the map
T ∗X × T ∗Y → T ∗X × T ∗Y : (x, ξ, y, η) 7→ (x, ξ, y,−η)). Furthermore, note
that the class Ψm,−∞(M,F , E) consists of all operators in C∞(M,E) with
the Schwartz kernels from the class Im−p/2(M ×M,G′FN ;L(E) ⊗ |T (M ×
M)|1/2). Since GFN is, in general, a (one-to-one) immersed canonical re-
lation, it is necessary to be more precise with the definition of the classes
Im(M ×M,G′FN ;L(E) ⊗ |T (M ×M)|1/2). This can be done by analogy
with the definition of the classes of leafwise pseudodifferential operators
on a foliated manifold given in [34] (see also the definition of the classes
Ψ∗,−∞(M,F , E) given above). Namely, the space Im(M ×M,G′FN ) of com-
pactly supported Lagrangian distributions is defined as the set of finite sums
of elementary Lagrangian distributions, corresponding to pairs of compatible
foliated charts on M .
7.2. Symbolic calculus in Ψm,−∞. Symbolic properties of the classes
Ψm,−∞(M,F , E) can be obtained as a consequence of the corresponding
facts for the Guillemin-Sternberg algebras RΣ [87], but in many cases it is
simpler to give a direct proof (cf. [113]).
The principal symbol σA of an elementary operatorA ∈ Ψm,−∞(In, Ip,Cr)
given by (7.1) is defined to be the matrix-valued half-density σA on I
p ×
Ip × Iq × (Rq\{0}) given by
(7.4) σA(x, x
′, y, η) = km(x, x
′, y, η)|dx dx′|1/2,
(x, x′, y, η) ∈ Ip × Ip × Iq × (Rq\{0}),
where km is the homogeneous of degree m component of k.
Before we give the global description of the principal symbol for operators
of class Ψm,−∞(M,F , E), we introduce some auxiliary notions. Denote by
π∗E the lift of the vector bundle E to N˜∗F under the map π : N˜∗F →M .
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Since N˜∗F is noncompact, it is impossible to define the structure of an invo-
lutive algebra on the whole space C∞(GFN ,L(π∗E)⊗ |TGN |1/2). Introduce
the space C∞prop(GFN ,L(π∗E) ⊗ |TGN |1/2), which consists of all properly
supported elements k ∈ C∞(GFN ,L(π∗E)⊗ |TGN |1/2) (this means that the
restriction of r : GFN → N˜∗F to supp k is a proper map). The structure
of an involutive algebra on C∞prop(GFN ,L(π∗E)⊗ |TGN |1/2) is defined, using
the standards formulas (cf. Section 3.2).
The space of all sections s ∈ C∞prop(GFN ,L(π∗E) ⊗ |TGN |1/2), homoge-
neous of degree m with respect to the fiberwise multiplication in the fibers
of the bundle π : N˜∗F → M , is denoted by Sm(GFN ,L(π∗E) ⊗ |TGN |1/2).
The space
S∗(GFN ,L(π∗E)⊗ |TGN |1/2) =
⋃
m
Sm(GFN ,L(π∗E)⊗ |TGN |1/2)
is a subalgebra of C∞prop(GFN ,L(π∗E)⊗ |TGN |1/2).
Let φ : U ⊂M → Ip × Iq, φ′ : U ′ ⊂M → Ip × Iq be two compatible foli-
ated charts onM endowed with trivializations of E. Then the corresponding
coordinate charts φn : U1 ⊂ N∗F → Ip×Iq×Rq, φ′n : U ′1 ⊂ N∗F → Ip×Iq×
Rq (see Section 2.1) are compatible foliated charts on the foliated manifold
(N∗F ,FN ) endowed with obvious trivializations of π∗E. Thus, there is a
foliated chart ΓN : W (φn, φ
′
n) ⊂ GFN → Ip×Ip×Iq×Rq on the foliated man-
ifold (GFN ,GN ). The local half-density defined by (7.4) in any foliated chart
W (φn, φ
′
n) gives a well-defined element σA of S
m(GFN ,L(π∗E)⊗ |TGN |1/2)
— the principal symbol of A ∈ Ψm,−∞(M,F , E).
If we fix a smooth positive leafwise density, then σA is identified with
an element of C∞(GFN ,L(π∗E)). The notion of the principal symbol of
an operator of class Ψm,−∞(M,F , E) as a Fourier integral operator (cf., for
instance, [102]) agrees with this definition of the principal symbol.
Proposition 7.4. [113] The principal symbol map
σ : Ψ∗,−∞(M,F , E)→ S∗(GFN ,L(π∗E)⊗ |TGN |1/2)
is a ∗-homomorphism of involutive algebras. Thus, if A ∈ Ψm1,−∞(M,F , E)
and B ∈ Ψm2,−∞(M,F , E), then C = AB belongs Ψm1+m2,−∞(M,F , E)
and σAB = σAσB. If A ∈ Ψm,−∞(M,F , E), then A∗ ∈ Ψm,−∞(M,F , E)
and σA∗ = (σA)
∗.
Recall that the transversal principal symbol σP of an operator P ∈
Ψm(M,E) is the restriction of its principal symbol pm to N˜
∗F .
Proposition 7.5. If A ∈ Ψµ(M,E) and B ∈ Ψm,−∞(M,F , E), then AB
and BA belong to Ψµ+m,−∞(M,F , E) and
σAB(γ, η) = σA(η)σB(γ, η), (γ, η) ∈ GFN ,
σBA(γ, η) = σB(γ, η)σA(dh
∗
γ(η)), (γ, η) ∈ GFN .
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Proposition 7.6. If the transversal principal symbol of an operator P ∈
Ψµ(M,E) vanishes, then, for any K ∈ Ψm,−∞(M,F , E), the operators KP
and PK belong to Ψm+µ−1,−∞(M,F , E).
Suppose that E is holonomy equivariant, that is, there is an action T (γ) :
Ex → Ey, γ ∈ G, γ : x → y of the holonomy groupoid G in the fibers of
E. Then the bundle L(π∗E) on N∗F is holonomy equivariant. Denote by
adT the corresponding action of the holonomy groupoid GFN in the fibers
of L(π∗E).
Definition 7.7. The transversal principal symbol σP of an operator P ∈
Ψm(M,E) is holonomy invariant, if, for any leafwise path γ from x to y and
for any ν ∈ N∗yF , the following identity holds:
adT (γ, ν)[σP (dh
∗
γ(ν))] = σP (ν).
Let pm ∈ Sm(In × (Rn \ {0})) be the principal symbol of P ∈ Ψm(M) in
some foliated chart, then its transversal principal symbol σP is given by
σP (x, y, η) = pm(x, y, 0, η), (x, y) ∈ In, η ∈ Rq \ {0},
and the holonomy invariance of σP means that σP is independent of x.
The assumption of the existence of a positive order pseudodifferential
operator with the holonomy invariant transversal principal symbol on a fo-
liated manifold imposes sufficiently strong restrictions on the geometry of
the foliation. An example of an operator with the holonomy invariant trans-
verse principal symbols is the transverse signature operator on a Riemannian
foliation.
There is a canonical embedding
i : C∞prop(GFN , |TGN |1/2) →֒ C∞prop(GFN ,L(π∗E)⊗ |TGN |1/2),
which takes any k ∈ C∞prop(GFN , |TGN |1/2) to i(k) = k adT . We will iden-
tify C∞prop(GFN , |TGN |1/2) with its image in C∞prop(GFN ,L(π∗E)⊗ |TGN |1/2)
under the map i.
Definition 7.8. An operator P ∈ Ψm,−∞(M,F , E) is said to have the scalar
principal symbol, if its principal symbol belongs to C∞prop(GFN , |TGN |1/2).
Denote by Ψm,−∞sc (M,F , E) the set of all operators K ∈ Ψm,−∞(M,F , E)
with the scalar principal symbol. Observe that, for any k ∈ C∞c (G, |TG|1/2),
the operator RE(k) belongs to Ψ
0,−∞
sc (M,F , E), and
σ(RE(k)) = π
∗
Gk ∈ C∞prop(GFN , |TGN |1/2),
where πG : GFN → G is the natural map.
Proposition 7.9. Let (M,F) be a compact foliated manifold and E a
holonomy equivariant vector bundle. If A ∈ Ψm,−∞sc (M,F , E), and P ∈
Ψµ(M,E) has the holonomy invariant transversal principal symbol, then
[A,P ] ∈ Ψm+µ−1,−∞(M,F).
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Finally, one has the following statement on the continuity of the symbol
map. Any A ∈ Ψ0,−∞(M,F , E) defines a bounded operator in the Hilbert
space L2(M,E). Denote by Ψ¯0,−∞(M,F , E) the closure of Ψ0,−∞(M,F , E)
in the uniform topology of L(L2(M,E)).
Recall that, for any ν ∈ N˜∗F , there is a natural ∗-representation Rν of the
algebra S0(GFN ,L(π∗E)⊗|TGN |1/2) in L2(GνFN , s∗N (π∗E)) (cf. (3.2)). Thus,
for any k ∈ S0(GFN ,L(π∗E) ⊗ |TGN |1/2), the continuous operator family
{Rν(k) ∈ L(L2(GνFN , s∗N (π∗E))) : ν ∈ N˜∗F} defines a bounded operator
in L2(GFN , s
∗
N (π
∗E)). We will identify an element k ∈ S0(GFN ,L(π∗E) ⊗
|TGN |1/2) with the corresponding bounded operator in L2(GFN , s∗N (π∗E))
and denote by S¯0(GFN ,L(π∗E)⊗|TGN |1/2) the closure of S0(GFN ,L(π∗E)⊗
|TGN |1/2) in the uniform topology of L(L2(GFN , s∗N (π∗E))).
Proposition 7.10 ([116]). (1) The symbol map
σ : Ψ0,−∞(M,F , E)→ S0(GFN ,L(π∗E)⊗ |TGN |1/2)
extends by continuity to a homomorphism
σ¯ : Ψ¯0,−∞(M,F , E) → S¯0(GFN ,L(π∗E)⊗ |TGN |1/2).
(2) The ideal Ker σ¯ contains the ideal of compact operators in L2(M,E).
7.3. Zeta-function of transversally elliptic operators. Let (M,F) be a
compact foliated manifold and E a Hermitian vector bundle onM . Suppose
that an operator A ∈ Ψm(M,E) satisfies the following conditions:
(T1): A is a transversally elliptic operator with the positive transversal
principal symbol;
(T2): the operator A, considered as an unbounded operator in the
Hilbert space L2(M,E), is essentially self-adjoint on the initial do-
main C∞(M,E), and its closure is an invertible and positive opera-
tor.
The condition (T2) can be considered as an invariance type condition,
which is usually assumed for transversally elliptic operators.
Before we formulate a general result on the meromorphic continuation
of the zeta-function of an operator A, satisfying the conditions (T1) and
(T2), we define a Wodzicki-Guillemin type residue trace for operators from
Ψm,−∞(M,F , E). It suffices to do this for elementary operators of class
Ψm,−∞(M,F , E). For an operator P ∈ Ψm,−∞(In, Ip,Cr), define the residue
form ρP as
ρP =
(∫
|η|=1
Tr k−q(x, x, y, η) dη
)
|dxdy|,
and the residue trace τ(P ) as
τ(P ) = (2π)−q
∫
|η|=1
Tr k−q(x, x, y, η) dxdydη,
74 YURI A. KORDYUKOV
where k−q is the homogeneous of degree −q component of the complete
symbol k of P .
For any P ∈ Ψm,−∞(M,F , E), its residue form ρP is a well-defined density
on M , and the residue trace τ(P ) is obtained by the integration of ρP over
M :
τ(P ) = (2π)−q
∫
M
ρP .
It should be noted that these results are particular cases of the results
of [84, 85], concerning to Fourier integral operators, but one can get them
directly (cf. [113]).
Theorem 7.11. Let an operator A ∈ Ψm(M,E) satisfy the conditions
(T1) and (T2), and Q ∈ Ψl,−∞(M,F , E), l ∈ Z. Then the function
z 7→ tr (QA−z) is holomorphic for Re z > l + q/m and admits a (unique)
meromorphic extension to C with at most simple poles at zk = k/m with
integer k ≤ l + q. Its residue at the point z = zk equals
res
z=zk
tr (QA−z) = qτ(QA−k/m).
Now suppose that E is holonomy equivariant. For any z ∈ C,Re z > q/m,
and for any k ∈ C∞c (G), the operator RE(k)A−z is a trace class operator,
and one can define the distributional zeta-function of A as
(7.5) 〈ζA(z), k〉 = tr RE(k)A−z , Re z > q/m, k ∈ C∞c (G),
which is an analytic function in the half-plane Re z > q/m.
Theorem 7.12. For any k ∈ C∞c (G), the function 〈ζA(z), k〉 extends to a
meromorphic function on the complex plane with at most simple poles at the
points z = q/m, (q − 1)/m, . . . .
7.4. Egorov theorem. The classical Egorov theorem [66] is one of funda-
mental results of microlocal analysis, which relates the quantum evolution
of pseudodifferential operators with the classical dynamics of principal sym-
bols. Recall the formulation of this theorem. LetM be a compact manifold,
E a vector bundle on M and P ∈ Ψ1(M,E) a positive self-adjoint pseu-
dodifferential operator with the positive principal symbol p. The Egorov
theorem states that, if A ∈ Ψ0(M,E), then A(t) = eitPAe−itP ∈ Ψ0(M,E).
Moreover, if E is the trivial line bundle and a ∈ S0(T˜ ∗M) is the principal
symbol of A, then the principal symbol at ∈ S0(T˜ ∗M) of A(t) is given by
at(x, ξ) = a(ft(x, ξ)), (x, ξ) ∈ T˜ ∗M,
where ft is the bicharacteristic flow of P , that is, the Hamiltonian flow on
T ∗M , defined by its principal symbol as the Hamiltonian.
In [116] a version of the Egorov theorem for transversally elliptic operators
on compact foliated manifolds is proved. Suppose that (M,F) is a compact
foliated manifold. Let A be a linear operator in C∞(M), satisfying the
following conditions:
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(A1): A ∈ Ψ2(M, |TM |1/2) is a transversally elliptic operator with
the scalar principal symbol and the positive, holonomy invariant
transversal principal symbol;
(A2): A is an essentially self-adjoint positive operator in L2(M) (with
the initial domain C∞(M)).
We start with the definition of the transverse bicharacteristic flow of the
operator
√
A. Let a2 ∈ S2(T˜ ∗M) be the principal symbol of A. Take any
function p˜ ∈ S1(T˜ ∗M), which coincides with √a2 in some conic neighbor-
hood of N˜∗F . Denote by Xp˜ the Hamiltonian vector field on T ∗M with
the Hamiltonian p˜. For any ν ∈ N˜∗F , the vector Xp˜(ν) is tangent to N˜∗F .
Therefore, the Hamiltonian flow f˜t with the Hamiltonian p˜ preserves N˜
∗F .
Denote by ft its restriction to N
∗F . One can show that the vector field Xp˜
on N˜∗F is an infinitesimal transformation of the foliation FN , and, there-
fore, the flow ft preserves the foliation FN .
Using the fact that Xp˜ is an infinitesimal transformation of FN , it is not
difficult to show the existence of a unique vector field Hp on GFN such that
dsN (Hp) = Xp˜ and drN (Hp) = Xp˜. Let Ft be the flow on GFN defined by
Hp. It is easy to see that sN ◦ Ft = ft ◦ sN , rN ◦ Ft = ft ◦ rN and the flow
Ft preserves GN .
Definition 7.13. Let A be a linear operator in C∞(M) satisfying the condi-
tions (A1) and (A2). The transverse bicharacteristic flow of the operator
√
A
is the one-parameter group F ∗t of automorphisms of the involutive algebra
C∞prop(GFN , |TGN |1/2), induced by the action of Ft.
It is easily seen that the definition of the transverse bicharacteristic flow
is independent of the choice of p˜.
The construction of the transverse bicharacteristic flow is an example of
noncommutative symplectic (or, maybe, better to say, Poisson) reduction.
Here we mean by symplectic reduction the following procedure [120, Chapter
III, Section 14] (see also [121, 122]).
Let (X,ω) be a symplectic manifold and Y a submanifold of X such that
the 2-form ωY on Y , induced by the symplectic form ω, has constant rank.
Let FY be the characteristic foliation of Y with respect to the form ωY . If
FY is given by the fibers of a submersion p : Y → B, then there is a unique
symplectic form ωB on B such that p
∗ωB = ωY . The symplectic manifold
(B,ωB) is called the reduced symplectic manifold associated with Y . In the
particular case when Y is the pre-image of a point under the momentum
map defined by a Hamiltonian action of a Lie group, the symplectic reduc-
tion associated with Y is a well-known procedure of a symplectic reduction
developed by Marsden and Weinstein [128].
If Y is invariant under the action of a Hamiltonian flow with a Hamil-
tonian H ∈ C∞(X) (this condition is equivalent to the condition that the
restriction (dH) |Y is constant along the leaves of the characteristic folia-
tion FY ), then there is a unique function Hˆ ∈ C∞(B), called the reduced
76 YURI A. KORDYUKOV
Hamiltonian, such that H |Y = Hˆ ◦ p (cf., for instance, [120, Chapter III,
Theorem 14.6]). Moreover, the map p takes the restriction of the Hamil-
tonian flow H on Y to the reduced Hamiltonian flow on B, defined by the
reduced Hamiltonian Hˆ.
Now let (M,F) be a foliated manifold. Consider the symplectic reduction
given by the coisotropic submanifold Y = N∗F of the symplectic manifold
X = T ∗M . The corresponding characteristic foliation FY coincides with the
linearized foliation FN . The algebra C∞prop(GFN , |TGN |1/2) plays a role of a
noncommutative analogue of the algebra of smooth functions on the base
B = N∗F/FN - “the cotangent bundle” to M/F . Under the condition (A1)
and (A2), the above construction can be considered as a noncommutative
analogue of the symplectic reduction procedure applied to the Hamiltonian
flow f˜t with the Hamiltonian p˜. Its result is the transverse bicharacteristic
flow F ∗t , which is a noncommutative analogue of the corresponding reduced
Hamiltonian flow on N∗F/FN . See also [186] with regard to the reduction
procedure in the noncommutative Poisson geometry.
Example 7.14. Let (M,F) be a compact Riemannian manifold, equipped
with a Riemannian foliation and a bundle-like metric gM . Let H be the
orthogonal complement to F = TF . Consider the transverse Laplacian ∆H .
Then the geodesic flow gt of the Riemannian metric gM can be restricted
to N∗F , that defines a flow Gt, and the transverse geodesic flow of
√
∆H is
given by the induced action of Gt on C
∞
prop(GFN , |TGN |1/2).
If F is given by the fibers of a Riemannian submersion f :M → B, then
there is a natural isomorphism N∗mF → T ∗f(m)B, and, under this isomor-
phism, the transverse geodesic flow Gt on N
∗F corresponds to the geodesic
flow on T ∗B (cf., for instance, [144, 153]).
Now we turn to the Egorov theorem for transversally elliptic operators.
Let E be a Hermitian vector bundle on M , D ∈ Ψ1(M,E) a formally self-
adjoint transversally elliptic operator in L2(M,E). Suppose that D2 has
the scalar principal symbol and the holonomy invariant transversal principal
symbol. D is essentially self-adjoint with the initial domain C∞(M,E) [113].
Therefore, the operator 〈D〉 = (D2+ I)1/2 is well-defined as a positive, self-
adjoint operator in L2(M,E), in addition, its domain contains the Sobolev
space H1(M,E).
By the spectral theorem, for any s ∈ R, the operator 〈D〉s = (D2 + I)s/2
is a well-defined positive self-adjoint operator in the space H = L2(M,E),
which is unbounded for s > 0. For any s ≥ 0, define by Hs the domain of
〈D〉s, and, for s < 0, put Hs = (H−s)∗. Let also H∞ = ⋂s≥0Hs, H−∞ =
(H∞)∗. It is clear that C∞(M,E) ⊂ Hs for any s.
Definition 7.15. A bounded operator A in H∞ belongs to L(H−∞,H∞)
(K(H−∞,H∞)), if, for any s and r, it extends to a bounded (compact)
operator from Hs to Hr, or, equivalently, the operator 〈D〉rA〈D〉−s extends
to a bounded (compact) operator in L2(M,E).
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Introduce also the class L1(H−∞,H∞), which consists of all operators of
class K(H−∞,H∞) such that, for any s and r, the operator 〈D〉rA〈D〉−s is
a trace class operator in L2(M,E).
It is easily seen that L(H−∞,H∞) is an involutive subalgebra in L(H),
and the classes K(H−∞,H∞) and L1(H−∞,H∞) are its ideals. Observe that
any operator with the smooth kernel belongs to the class L1(H−∞,H∞).
By the spectral theorem, the operator 〈D〉 defines a strongly continuous
group eit〈D〉 of bounded operators in L2(M,E). Consider the one-parameter
group Φt of ∗-automorphisms of the algebra L(L2(M,E)), defined as
Φt(T ) = e
it〈D〉Te−it〈D〉, T ∈ L(L2(M,E)).
Recall that any scalar operator P ∈ Ψm(M), acting on half-densities, has
the subprincipal symbol, which is a globally defined, degree m− 1 homoge-
neous, smooth function on T ∗M \ 0, given in local coordinates by
(7.6) psub = pm−1 − 1
2i
n∑
j=1
∂2pm
∂xj∂ξj
.
Note that psub = 0, if P is a real self-adjoint differential operator of even
order.
Theorem 7.16. Let D ∈ Ψ1(M,E) be a formally self-adjoint transversally
elliptic operator in L2(M,E) such that D2 has the scalar principal symbol
and the holonomy invariant transversal principal symbol. Then:
(1) for any K ∈ Ψm,−∞(M,F , E), there is a K(t) ∈ Ψm,−∞(M,F , E)
such that the family Φt(K)−K(t), t ∈ R, is a smooth family of operators of
class L1(H−∞,H∞).
(2) If, in addition, E is the trivial line bundle, and the subprincipal symbol
of D2 vanishes, then, for any K ∈ Ψm,−∞(M,F) with the principal symbol
k ∈ Sm(GFN , |TGN |1/2) the operator K(t) has the principal symbol k(t) ∈
Sm(GFN , |TGN |1/2) given by k(t) = F ∗t (k).
In [115], one proves an analogue of the Duistermaat-Guillemin formula
[65] for transversally elliptic operators on a compact foliated manifold (M,F).
Consider the operator P =
√
A in C∞(M), where A satisfies the con-
ditions (A1) and (A2). It is proved that, for any k ∈ C∞c (G, |TG|1/2),
the trace of R(k) eitP is well-defined as a distribution on the real line R,
θk = tr R(k) e
itP ∈ D′(R).
As above, let ft denote the transverse bicharacteristic flow on N
∗F , which
preserves FN . We say that ν ∈ N˜∗F is a relatively periodic (with respect
to FN ) point of the flow f with a relative period t, if ft(ν) and ν are on the
same leaf of FN .
As shown in [115], the distribution θk is smooth outside the set of all
relative periods Tk of the transverse bicharacteristic flow ft such that, if
ν ∈ N˜∗F is a corresponding relatively periodic point, then the projection of
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the point (ft(ν), ν) ∈ GFN to G belongs to the support of k (by compactness
of the support of k, the set Tk is discrete). Moreover, if the set of relatively
periodic points with the fixed relative period t is transversally clean (that is
a natural generalization of the similar notion, introduced in [65]), then one
can show that θk has an asymptotic expansion in a neighborhood of t and
write down a formula for the leading term of this asymptotic expansion.
8. Noncommutative spectral geometry
8.1. Dimension spectrum. Let (M,F) be a compact foliated manifold.
We introduce a more general, than in Theorem 6.4, class of spectral triples
associated with transversally elliptic operators on M . Let:
(1) A is the algebra C∞c (G);
(2) H is the Hilbert space L2(M,E) of square integrable sections of a
holonomy equivariant Hermitian vector bundle E, where the action
of k ∈ A is given by the ∗-representation RE ;
(3) D is a first order self-adjoint transversally elliptic operator with the
holonomy invariant transversal principal symbol such that D2 is self-
adjoint and has the scalar principal symbol.
Theorem 8.1. [113] The spectral triple (A,H,D) described above is a finite-
dimensional spectral triple of dimension q = codimF .
It is easy to see that the spectral triple introduced in Section 6.2 is a
particular case of the spectral triples constructed in Theorem 8.1.
Recall (see Definition 6.2) that the notion of dimension of a spectral triple
(A,H,D) is given by the greatest lower bound of all p’s such that the oper-
ator a(D− i)−1, a ∈ A, is an operator from the Schatten ideal Lp(H). If we
look at a geometric space as a union of parts of different dimensions, this
notion of dimension gives only the maximum of the dimensions of the parts
of this space. To take into account lower dimensional parts of this geometric
space, Connes and Moscovici [50] suggested to consider as a more correct
notion of dimension not a single real number d, but a subset Sd ⊂ C, which
is called the dimension spectrum of this spectral triple. Recall briefly this
definition [50, 43].
Let (A,H,D) be a spectral triple. Consider the operator 〈D〉 = (D2 +
I)1/2. Denote by δ the (unbounded) differentiation on L(H) given by
(8.1) δ(T ) = [〈D〉, T ], T ∈ Dom δ ⊂ L(H).
Definition 8.2. We say that P ∈ OPα if and only if P 〈D〉−α ∈ ⋂nDom δn.
In particular, OP0 =
⋂
nDom δ
n.
Observe that the classes L(H−∞,H∞), K(H−∞,H∞) and L1(H−∞,H∞)
introduced in Definition 7.15 belong to the domain of δ and are invariant
under the action of δ. Moreover, they are ideals in OP0.
Definition 8.3. We will say that a triple (A,H,D) is smooth, if, for any
a ∈ A, we have the inclusions a, [D, a] ∈ OP0.
NONCOMMUTATIVE GEOMETRY OF FOLIATIONS 79
The space OP0 is a smooth algebra (see, for instance, [105, Theorem 1.2]).
Recall that, for the spectral triple associated with a smooth manifold M ,
OP0 ∩ C(M) coincides with C∞(M). Therefore, informally speaking, the
smoothness condition for a spectral triple (A,H,D) means that A consists
of smooth functions on the corresponding geometric space.
Let (A,H,D) be a smooth spectral triple. Denote by B the algebra gen-
erated by all elements of the form δn(a), where a ∈ A and n ∈ N. Thus, B
is the smallest subalgebra in OP0, which contains A and is invariant under
the action of δ.
Definition 8.4. A spectral triple (A,H,D) has the discrete dimension spec-
trum Sd ⊂ C, if Sd is a discrete subset in C, the triple is smooth, and, for
any b ∈ B, the distributional zeta-function ζb(z) of 〈D〉 given by
ζb(z) = tr b〈D〉−z,
is defined in the half-plane {z ∈ C : Re z > d} and extends to a holomorphic
function on C\Sd such that the function Γ(z)ζb(z) is rapidly decreasing on
the vertical lines z = s+ it for any s with Re s > 0.
The dimension spectrum is said to be simple, if the singularities of ζb(z)
at z ∈ Sd are at most simple poles.
Example 8.5. Let M be a compact manifold of dimension n, E a vector
bundle on M and D ∈ Ψ1(M, E) a self-adjoint elliptic operator. Then the
triple (C∞(M), L2(M, E),D) is a smooth n-dimensional spectral triple. The
algebra B is contained in the algebra Ψ0(M, E) of zero order pseudodiffer-
ential operators. For an operator P ∈ Ψm(M, E), m ∈ Z, the function
z → tr P |D|−z has a meromorphic extension to C with at most simple poles
at integer points k, k ≤ m + n. The residue of this function at z = 0
coincides with the Wodzicki-Guillemin residue τ(P ) of P (see Section 6.2):
(8.2) res
z=0
tr P |D|−z = τ(P ).
In particular, this spectral triple has the simple discrete dimension spec-
trum, which is contained in {k ∈ Z : k ≤ n}.
An immediate consequence of the technique described in Section 7, in
particular, of Theorem 7.12, is a description of the dimension spectrum for
the spectral triples associated with transversally elliptic operators.
Theorem 8.6. [113] The spectral triple (A,H,D) introduced in Theorem 8.1
has the discrete dimension spectrum Sd, which is contained in {v ∈ N : v ≤
q} and is simple.
8.2. Noncommutative pseudodifferential calculus. Since the algebra
A for the spectral triples associated with transversally elliptic operators on
a foliated manifold is not unital, it is natural to consider the space M/F to
be noncompact. Thus, it is necessary to take into account the behavior of
geometrical objects at “infinity”. In [50, 43], the definition of the algebra
Ψ∗(A) of pseudodifferential operators is given for a unital algebra A. In
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this Section, following the paper [116], we introduce the algebra Ψ∗0(A),
which can be considered as an analogue of the algebra of pseudodifferential
operators on a noncompact manifold, whose symbols vanish at infinity along
with all the derivatives of an arbitrary order. First, we introduce some
auxiliary notions.
Let (A,H,D) be a smooth spectral triple. Denote by OP00 the space of all
P ∈ OP0 such that 〈D〉−1P and P 〈D〉−1 are compact operators in H. We
also say that P ∈ OPα0 , if P 〈D〉−α and 〈D〉−αP belong to OP00. It is easy
to see that OP−∞0 =
⋂
αOP
α
0 coincides with K(H−∞,H∞). If the algebra
A is unital, then OPα0 = OPα.
We will assume that the subalgebra B ⊂ L(H), generated by the operators
δn(a), a ∈ A, n ∈ N, is contained in OP00. In particular, this implies that
(B,H,D) is a spectral triple in the above sense.
By the definition of a spectral triple, A ⊂ OP00. Informally speaking, this
means that A consists of smooth functions on the corresponding geometric
space, vanishing at infinity. The condition B ⊂ OP00 means that elements of
A vanish at infinity along with all its derivatives of arbitrary order.
Definition 8.7. We say that an operator P in H−∞ belongs to the class
Ψ∗0(A), if it admits an asymptotic expansion:
(8.3) P ∼
+∞∑
j=0
bq−j〈D〉q−j , bq−j ∈ B,
that means that, for any N
P − (bq〈D〉q + bq−1〈D〉q−1 + . . .+ b−N 〈D〉−N) ∈ OP−N−10 .
Using a slight modification of the proof of Theorem B.1 in [50, Appendix
B], it can be shown that Ψ∗0(A) is an algebra.
Example 8.8. For the spectral triple (C∞(M), L2(M, E),D) described in
Example 8.5, the algebra Ψ∗0(A) is contained in Ψ∗(M, E).
Let us give a description of the noncommutative pseudodifferential cal-
culus for the spectral triples associated with transversally elliptic operators,
following [116].
Let (A,H,D) be a spectral triple, constructed in Theorem 8.1. Then it
is a smooth spectral triple. Moreover, the algebra B in contained in OP00.
In this case, any element b ∈ B can be written as
b = B + T, B ∈ Ψ0,−∞sc (M,F , E), T ∈ L1(H−∞,H∞),
and the algebra Ψ∗0(A) is contained in Ψ∗,−∞sc (M,F , E) +OP−N0 for any N .
8.3. Noncommutative local index theorem. A spectral triple (A,H,D)
defines a Fredholm module (H, F ) over A (see Section 6.2), and, therefore,
the index map ind : K∗(A) → C (see the formulas (4.2) and (4.3)). As
shown above, this map can be expressed in terms of the pairing with the
cyclic cohomology class ch∗(H, F ) ∈ HP ∗(A), the Chern character of the
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Fredholm module (H, F ) (see the formulas (5.9) and (5.10)). Let us call
ch∗(H, F ) the Chern character of the spectral triple (A,H,D) and denote by
ch∗(A,H,D). The formulas (5.9) and (5.10) have a defect, which consists in
the fact that they give expressions of the map ind in terms of the operator
traces, but these traces are nonlocal functionals, and it is impossible to
compute them in coordinate charts. To correct this defect, Connes and
Moscovici proved another formula for the index map, which involves local
functionals of Wodzicki-Guillemin residue trace type.
Suppose that a spectral triple (A,H,D) is smooth and has the simple
discrete dimension spectrum. Recall that B denotes the algebra generated by
the operators of the form δk(a), a ∈ A, k ∈ N. Define the noncommutative
integral determined by this spectral triple, setting
(8.4) −
∫
b = res
z=0
Tr b|D|−z, b ∈ B.
The functional −∫ is a trace on B, which is local in the sense of noncommuta-
tive geometry, since it vanishes for any element of B, which is a trace class
operator in H.
Theorem 8.9 ([50, Thm. II.3]). Suppose that (A,H,D) is an even spectral
triple, which is p-summable and has the simple discrete dimension spectrum.
Then:
(1) The following formulas define an even cocycle ϕevCM = (ϕ2k) in the
(b,B)-bicomplex of A. For k = 0,
(8.5) ϕ0(a
0) = res
z=0
z−1tr γa0|D|−z,
whereas for k 6= 0,
(8.6)
ϕ2k(a
0, . . . , a2k) =
∑
α∈Nn
ck,α −
∫
γa0[D, a1][α1] . . . [D, a2k][α2k ]|D|−(2|α|+k),
where
ck,α =
(−1)|α|2Γ(|α|+ k)
α!(α1 + 1) · · · (α1 + · · · + α2k + 2k) ,
and the symbol T [j] denotes the j-th iterated commutator with D2.
(2) The cohomology class defined by ϕevCM in HP
ev(A) coincides with
ch∗(A,H,D).
Theorem 8.10 ([50, Thm. II.2]). Suppose that (A,H,D) is a spectral triple,
which is p-summable and has the simple discrete dimension spectrum. Then:
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(1) There is defined an odd cocycle ϕoddCM = (ϕ2k+1) in the (b,B)-bicomplex
of A given by
(8.7) ϕ2k+1(a
0, . . . , a2k+1) =
√
2iπ
∑
α∈Nn
ck,α −
∫
a0[D, a1][α1] . . . [D, a2k+1][α2k+1]|D|−2(|α|+k)−1),
where
ck,α =
(−1)|α|Γ(|α| + k + 12)
α!(α1 + 1) · · · (α1 + · · ·+ α2k+1 + 2k + 1) .
(2) The cohomology class defined by ϕoddCM in HP
odd(A) coincides with
ch∗(A,H,D).
Example 8.11. ([50, 151]) Let M be a compact manifold of dimension n
and D a first order, self-adjoint, elliptic, pseudodifferential operator on M ,
acting on sections of a vector bundle E on M . Then the noncommutative
integral −∫ defined by the spectral triple (C∞(M), L2(M, E),D) coincides
with the residue trace τ (see (6.4)).
Moreover, in the case when D is the Dirac operator, acting on sections
of the spin bundle S on a compact spin Riemannian manifold M , in Theo-
rem 8.9, for any f0, f1, . . . , fm ∈ C∞(M), when |α| 6= 0, we have
τ(γf0[D, f1][α1] . . . [D, fm][αm]|D|−(2|α|+m)) = 0,
and, when α1 = α2 = . . . = α2k = 0,
τ(γf0[D, f1] . . . [D, fm]|D|−m) = cm
∫
M
f0 df1 ∧ . . . dfm ∧ Aˆ(R),
where cm is some constant, and Aˆ(R) is the total Aˆ-form of the Riemann
curvature R, Aˆ(R) =
[
det
(
R/2
sh(R/2)
)]1/2
.
If dimM is even, then the spectral triple is even, and the components of
the corresponding even cocycle ϕevCM = (ϕ2k) are given by
ϕ2k(f
0, . . . , f2k) =
1
(2k)!
∫
M
f0 df1 ∧ . . . df2k ∧ Aˆ(R)(n−2k),
where f0, f1, . . . , f2k ∈ C∞(M).
If dimM is odd, then the spectral triple is odd, and the components of
the corresponding odd cocycle ϕoddCM = (ϕ2k+1) are given by
ϕ2k+1(f
0, . . . , f2k) =
√
2iπ
(2iπ)−[
n
2
]+1
(2k + 1)!
∫
M
f0 df1∧. . . df2k+1∧Aˆ(R)(n−2k−1),
where f0, f1, . . . , f2k+1 ∈ C∞(M).
In [51], Connes and Moscovici computed the index of transversally hypoel-
liptic operators associated with triangular structures on a smooth manifold
(see Section 6.3, in particular, Theorem 6.6), using the noncommutative local
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index theorem, Theorem 8.10. As it was already mentioned in Section 6.3,
the study of these spectral triples makes an essential use of the hypoelliptic
pseudodifferential calculus on Heisenberg manifolds developed by Beals and
Greiner [10]. In particular, the noncommutative integral −∫ determined by
such a spectral triple coincides with the Wodzicki-Guillemin type residue
trace τ defined on the Beals-Greiner algebra of pseudodifferential operators.
The direct computation of the index given by Theorem 8.10 for the spec-
tral triples associated with triangular structures on smooth manifolds is
quite cumbersome even in the one-dimensional case. One gets formulas, in-
volving thousands terms, most of them give zero contribution. To simplify
apriori the computations, Connes and Moscovici introduced a Hopf algebra
Hn of transverse vector fields in Rn, which plays a role of the quantum
symmetry group. They constructed the cyclic cohomology HC∗(H) for an
arbitrary Hopf algebra H and a map
HC∗(Hn)→ HC∗(C∞c (P )⋊ Γ).
Moreover, they showed that the cyclic cohomology HC∗(Hn) are canonically
isomorphic to the Gelfand-Fuchs cohomology H∗(Wn, SO(n)). Therefore, it
is defined a characteristic homomorphism
χ∗SO(n) : H
∗(Wn, SO(n))→ HP ∗(C∞(P )⋊ Γ).
The following theorem is the main result of [51] (cf. also [52] and the
survey [168])
Theorem 8.12. Let (A,H,D) be the spectral triple introduced in Theo-
rem 6.6. The Chern character ch∗(A,H,D) ∈ HP ∗(C∞(PW ) ⋊ Γ) is the
image of an universal class Ln ∈ H∗(Wn, SO(n)) under the characteristic
homomorphism χ∗SO(n):
ch∗(A,H,D) = χ∗SO(n)(Ln).
There is one more computation, illustrating the Connes-Moscovici local
index theorem, which is given in [148]. Let Σ be a closed Riemann sur-
face and Γ a discrete pseudogroup of local conformal maps of Σ without
fixed points. Using methods of [51] (the bundle of Kaehler metrics P on Σ,
hypoelliptic operators, Hopf algebras), in [148] a spectral triple, which a gen-
eralization of the classical Dolbeaut complex to this setting, is constructed.
The Chern character of this spectral triple as a cyclic cocycle on the crossed
product C∞c (Σ)⋊Γ is computed in terms of the fundamental class [Σ] and of
a cyclic 2-cocycle, which is a generalization of the Poincare´ dual class to the
Euler class. This formula can be considered as a noncommutative version
of the Riemann-Roch theorem.
A Hopf algebra of the same type as the algebra H1 was constructed by
Kreimer [117] for the study of the algebraic structure of the perturbative
quantum field theory. This connection was elaborated further in [47, 48,
49]. One should also mention the papers by Connes and Moscovici [53, 54]
on modular Hecke algebras, where, in particular, it is shown that such an
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important algebraic structure on the modular forms as the Rankin-Cohen
brackets has a natural interpretation in the language of noncommutative
geometry in terms of the Hopf algebra H1.
8.4. Noncommutative geodesic flow. Let a spectral triple (A,H,D) be
given. We will also suppose that the subalgebra B ⊂ B(H), generated by
the operators δn(a), a ∈ A, n ∈ N, is contained in OP00.
Put C0 = OP00
⋂
Ψ∗0(A). Let C¯0 be the closure of C0 in L(H). For any
T ∈ L(H), define
(8.8) αt(T ) = e
it〈D〉Te−it〈D〉, t ∈ R.
As usual, K denotes the ideal of compact operators in H.
Definition 8.13. For the spectral triple (A,H,D), the unitary cotangent
bundle S∗A is defined as the quotient of the C∗-algebra, generated by the
union of all spaces of the form αt(C¯0) with t ∈ R and of K, by its ideal K.
Definition 8.14. For the spectral triple (A,H,D), the noncommutative
geodesic flow is the one-parameter group αt of automorphisms of the algebra
S∗A defined by (8.8).
Example 8.15. As shown in [43] using the classical Egorov theorem, for the
spectral triple (A,H,D) associated with a compact Riemannian manifold
(M,g), the C∗-algebra S∗A is canonically isomorphic to the algebra C(S∗M)
of continuous functions on the cosphere bundle to M , S∗M = {(x, ξ) ∈
T ∗M : ‖ξ‖ = 1}. Moreover, the one-parameter group αt is given by the
natural action of the geodesic flow on C(S∗M).
Some examples of the computation of the noncommutative geodesic flow
can be found in [75].
Theorem 7.16 allows to give a description of the noncommutative flow
defined by a spectral triple associated with a Riemannian foliation in the case
when E is the trivial line bundle (see [116]). Thus, suppose that (M,F) is a
compact foliated manifold and a spectral triple (A,H,D) is of the following
form:
(1) The involutive algebra A is the algebra C∞c (G, |TG|1/2);
(2) The Hilbert space H is the space L2(M) with the action of A given
by the ∗-representation R;
(3) The operator D is a first order, self-adjoint, transversally elliptic
operator with the holonomy invariant transversal principal symbol
such that the subprincipal symbol of D2 vanishes.
Theorem 8.16. For the given spectral triple, the transverse bicharacteristic
flow F ∗t of 〈D〉 extends by continuity to a strongly continuous one-parameter
group of automorphisms of the algebra S¯0(GFN , |TGN |1/2), and there is a
∗-homomorphism P : S∗A → S¯0(GFN , |TGN |1/2) such that the following
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diagram commutes:
(8.9)
S∗A αt−−−−→ S∗A
P
y yP
S¯0(GFN , |TGN |1/2)
F ∗t−−−−→ S¯0(GFN , |TGN |1/2)
8.5. Transversal Laplacian and noncommutative diffusion. In this
Section, we describe the results of Sauvageot [164, 165] on the existence
and properties of the noncommutative diffusion defined by the transversal
Laplacian on the C∗-algebra of a Riemannian foliation.
Let (M,F) be a compact manifold equipped with a Riemannian foliation,
g a bundle-like metric, H = F⊥. Recall that the transverse differential
dH : Ω
0
∞ → Ω1∞ has been defined in Section 5.3. Denote by L2Ω1 the
Hilbert completion Ω1∞ = C
∞
c (G, r
∗N∗F ⊗ |TG|1/2) in the inner product
〈ω1, ω2〉L2Ω1 = trF (〈ω1, ω2〉C∗r (G)) =
∫
G
〈ω1(γ), ω2(γ)〉N∗
r(γ)
F dv(γ),
where trF denotes the trace on the von Neumann algebraW
∗(M,F) defined
by the transverse Riemannian volume form, and dv is the transverse Rie-
mannian volume form on G. Consider the operator dH as a densely defined
operator from the Hilbert space L2Ω0 = L2(G) to the Hilbert space L2Ω1.
Then, by Lemma 5.1.1 in [165], the operator dH is closable, Ω
1
∞ belongs to
the domain of the adjoint d∗H (the transversal divergence operator) and the
transversal Laplacian
∆H = d
∗
HdH
is defined on Ω0∞ = C
∞
c (G, |TG|1/2). The operator ∆H is a positive, self-
adjoint operator in L2(G). Therefore, it generates a strongly continuous
one-parameter operator semigroup e−t∆H in L2(G).
LetN be a two-sided ideal of the von Neumann algebraW ∗(M,F) defined
as
N = {k ∈W ∗(M,F) : trF (k∗k) <∞}.
There is a natural isometric embedding of the ideal N to L2(G), denoted
by Λ and satisfying the condition
Λ(R(k)) = k, k ∈ C∞c (G).
Using the results of [162, 163], Sauvageot [164, 165] showed the existence
of an one-parameter semigroup {Φt : t > 0} of normal, completely positive
contractions of the von Neumann algebra W ∗(M,F), mapping N to itself
and satisfying the condition
Λ(Φt(k)) = e
−t∆HΛ(k), k ∈ N .
Moreover, the C∗-algebra of the foliation C∗r (G) is invariant under the action
of Φt: Φt(C
∗
r (G)) ⊂ C∗r (G) for any t ≥ 0. Finally, it is proved in [164, 165]
that {Φt : t > 0} is a Markov semigroup, that is,
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• for any state ρ on C∗r (G) and for any t ≥ 0, ρ ◦ Φt is a state on
C∗r (G);
or, equivalently,
• for any t ≥ 0, we have
Φt(1) = 1,
where 1 is the unit in the von Neumann algebra W ∗(M,F).
8.6. Adiabatic limits and semiclassical Weyl formula. Let (M,F) be
a closed foliated manifold, dimM = n, dimF = p, p+ q = n, endowed with
a Riemannian metric gM . Let F = TF be the tangent bundle to F and
H = F⊥ the orthogonal complement of F . Thus, the tangent bundle TM
is represented as the direct sum:
(8.10) TM = F
⊕
H.
The decomposition (8.10) induces the decomposition of the metric gM =
gF + gH . Define a one-parameter family gh of Riemannian metrics on M by
(8.11) gh = gF + h
−2gH , 0 < h ≤ 1.
For any h > 0, consider the Laplace operator on differential forms defined
by gh:
∆h = d
∗
gh
d+ dd∗gh ,
where d : C∞(M,ΛkT ∗M) → C∞(M,Λk+1T ∗M) is the de Rham differen-
tial, d∗gh is the adjoint of d with respect to the inner product in C
∞(M,ΛT ∗M)
defined by gh. ∆h is a self-adjoint, elliptic, differential operator with the
positive, scalar principal symbol in the Hilbert space L2(M,ΛT ∗M,gh) of
square integrable differential forms on M , endowed with the inner product
induced by gh, which has discrete spectrum.
In [114], the asymptotic behavior of the trace of f(∆h) when h → 0 was
studied for any f ∈ S(R). Such asymptotic limits are called adiabatic limits
after Witten.
Recall that the decomposition (8.10) induces a bigrading on ΛT ∗M by
(8.12) ΛkT ∗M =
k⊕
i=0
Λi,k−iT ∗M, Λi,jT ∗M = ΛiF ∗
⊗
ΛjH∗.
Introduce a bounded operator Θh in L
2(M,ΛT ∗M) by the formula
(8.13) Θhu = h
ju, u ∈ L2(M,Λi,jT ∗M,gh).
It is easy to see that Θh is an isomorphism of Hilbert spaces L
2(M,ΛT ∗M,gh)
and L2(M,ΛT ∗M,g). Using Θh, one can transfer our considerations in the
fixed Hilbert space L2(M,ΛT ∗M,g). The operator ∆h considered as an op-
erator in L2(M,ΛT ∗M,gh) corresponds by the isometry Θh to the operator
Lh = Θh∆hΘ
−1
h
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in L2(M,ΛT ∗M) = L2(M,ΛT ∗M,g).
We will use the notation introduced in Section 2.7. One can show that
dh = ΘhdΘ
−1
h = dF + hdH + h
2θ, and the adjoint of dh in L
2(M,ΛT ∗M) is
δh = ΘhδΘ
−1
h = δF + hδH + h
2θ∗. Therefore, one has
Lh = dhδh + δhdh
= ∆F + h
2∆H + h
4∆−1,2 + hK1 + h
2K2 + h
3K3.
Suppose that F is a Riemannian foliation and gM is a bundle-like metric.
Then K1 ∈ D0,1(M,F ,ΛT ∗M). Due to this fact, one can show that the
leading term of the asymptotic of the trace of f(∆h) or, that is the same, of
the trace of f(Lh) as h→ 0 coincides with the leading term of the asymptotic
of the trace of f(L¯h) as h→ 0, where
L¯h = ∆F + h
2∆H .
Observe that the operator L¯h can be considered as a Schro¨dinger operator
on the leaf space M/F , where ∆H plays a role of the Laplace operator, and
∆F a role of the operator-valued potential on M/F .
Recall that in the case of a Schro¨dinger operator Hh on a compact man-
ifold M with the operator-valued potential V ∈ C∞(M,L(H)), where H is
a finite-dimensional Euclidean space and V (x)∗ = V (x)
Hh = −h2∆+ V (x), x ∈M,
the corresponding asymptotic formula (the semiclassical Weyl formula) has
the following form:
(8.14) tr f(Hh) = (2π)
−nh−n
∫
T ∗M
Tr f(p(x, ξ)) dx dξ+ o(h−n), h→ 0+,
where p(x, ξ) is the operator-valued principal h-symbol of Hh:
p(x, ξ) = |ξ|2 + V (x), (x, ξ) ∈ T ∗M.
It turns out that the asymptotic formula for the trace of f(∆h) can be
written in a form, similar to (8.14), using the language of noncommutative
geometry. For this, it is necessary, in particular, to replace the usual inte-
gration over T ∗M and the fiberwise trace Tr by the integration in the sense
of the noncommutative integration theory given by the trace trFN on the
twisted von Neumann algebra W ∗(N∗F ,FN , π∗ΛT ∗M).
Let us call by the principal h-symbol of ∆h the tangentially elliptic oper-
ator σh(∆h) : C
∞(N∗F , π∗ΛT ∗M) → C∞(N∗F , π∗ΛT ∗M) on the foliated
manifold (N∗F ,FN ) given by
σh(∆h) = ∆FN + gN ,
where
• ∆FN is the lift of ∆F to a tangentially elliptic operator ∆FN on the
foliated manifold (N∗F ,FN ), acting in C∞(N∗F , π∗ΛT ∗M);
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• gN is the multiplication operator by gN ∈ C∞(N∗F), where gN is
the Riemannian metric on N∗F , induced by the Riemannian metric
on M . (Observe that gN coincides with the transversal principal
symbol of ∆H)
We will consider σh(∆h) as a family of elliptic operators along the leaves
of the foliation FN . For any function f ∈ C∞c (R), the operator f(σh(∆h))
belongs to the C∗-algebra C∗(N∗F ,FN , π∗ΛT ∗M). Moreover, the trans-
verse Liouville measure for the symplectic foliation FN defines a trace trFN
on the C∗-algebra C∗(N∗F ,FN , π∗ΛT ∗M), and the value of this trace on
f(σh(∆h)) is finite.
Theorem 8.17 ([114]). For any function f ∈ C∞c (R), the asymptotic for-
mula holds:
tr f(∆h) = (2π)
−qh−q trFN f(σh(∆h)) + o(h
−q), h→ 0.
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